EURO Advanced Tutorials on Operational Re Resor 
Series Editors: M. Grazia Speranza - José remand liv 


Francesco Menoncin 


Risk Management 
for Pension Funds 


A Springer 


EURO Advanced Tutorials on Operational 
Research 


Series Editors 


M. Grazia Speranza, Brescia, Italy 
José Fernando Oliveira, Porto, Portugal 


The EURO Advanced Tutorials on Operational Research are a series of short books 
devoted to an advanced topic—a topic that is not treated in depth in available 
textbooks. The series covers comprehensively all aspects of Operations Research. 
The scope of a Tutorial is to provide an understanding of an advanced topic to young 
researchers, such as Ph.D. students or Post-docs, but also to senior researchers and 
practitioners. Tutorials may be used as textbooks in graduate courses. 


More information about this series at http://www.springer.com/series/13840 


Francesco Menoncin 


Risk Management 
for Pension Funds 


A Continuous Time Approach 
with Applications in R 


A Springer 


Francesco Menoncin 

Department of Economics and Management 
University of Brescia 

Brescia, Italy 


ISSN 2364-687X ISSN 2364-6888 (electronic) 
EURO Advanced Tutorials on Operational Research 
ISBN 978-3-030-55527-6 ISBN 978-3-030-55528-3 (eBook) 


https://doi.org/10.1007/978-3-030-55528-3 


© Springer Nature Switzerland AG 2021 

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of 
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, 
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information 
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology 
now known or hereafter developed. 

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication 
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant 
protective laws and regulations and therefore free for general use. 

The publisher, the authors, and the editors are safe to assume that the advice and information in this book 
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or 
the editors give a warranty, expressed or implied, with respect to the material contained herein or for any 
errors or omissions that may have been made. The publisher remains neutral with regard to jurisdictional 
claims in published maps and institutional affiliations. 


This Springer imprint is published by the registered company Springer Nature Switzerland AG. 
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland 


Contents 


1 Introduction .......... 000.000 c cece ccc cnee nee e eee eeeannneeees 1 
La The Structire of the BOOK...c.ccccccccsccesecsssewsnsee evens en ecneeees 4 
L2 The R Sowie oca dd. co yea a EE ne where Ree TE raa 5 
AAS o E A E T E E et 8 
2 Decision Theory Under Uncertainty ................... ccc cece e eee eee 11 
aah WOO CUIOWINN: 5 ise sto Shisha bcd E RA RE 11 
22 Decision Theory (Without Risk)... ic.cicccsssceessveceessseieeess. 11 
2.3 Decision Theory (With Risk) ..occcecsosisncseriinricieirsrecdrerei 13 
ZA- Critics tothe Expected URII ..cc..9.se5cssecye ces sesbeckictosssese ses 16 
25 RBAN eoar obs Gl veh EG oh Sikes hen 18 
2.6 The Stone-Geary Utility Function ...... 0.200: .eeescevscvesssesen sees 24 
2.7 Certainty Equivalent on Financial Markets........................00. 25 
2 Abby and ME fo. ee ye ees an spra teeniasap eens E REEE sea 29 
2.9 A First Pension Model ics: siccc0335562 5054s a cede adn cade cans bed 31 
Pee ee Neg as, cowie E OE een lta AET EE 36 
3 Stochastic Processes ................. 0 ccc cece cece enn e eee e cece eennneeeeeeees 37 
Xl Dit TE TE i PAEA AEE E E E 37 
3.2 Deterministic Linear Differential Equation.........................0. 37 
3.3 Stochastic Linear Differential Equation ..............0.c.ss005se0ee0 38 
3.4 Stochastic Models Used in Finance............. 0c. cece cece eee eens 41 
39 Parameter Estimation o.0:socss20h0c chasse ntahaad r nE e EEA 43 
Soo The Miercst Rien n a a O ae ols OEE AE EEES 45 
IF SMNI. ior a r TEE E OTE ENER 51 
Do The State Varig lee orisni ar EEEE DEE ESEE 53 
LA S AEE PEA ANEETA EE E 55 
4 The Financial Market ..............0. 0.0. o ccc ccc cece cece eee n nee eeeeees 57 
4.1 Introd naaca a EAEE AEO EES 57 
42 Financial Assets. ........c00csecssoceseccsecsseesceescceetveasegevneeess 57 
A3 Porfolio and Wealth... os.ci5 seeds doce seraaecdadccabengaceeeveraves 58 


vi 


Contents 
4.4 External Cash Flows and Modified Wealth........................55. 61 
OS FUDGE oera u athe des evap EES ARA E DERA 62 
4.6 Completeness (and Asset Pricing) ................. eee eeeee eee eee e es 66 
4.7 Change of Probability and Asset Pricing ........................0008- 69 
4.8 Bond Pricing: Closed Form and Simulations......................... 72 
4.9 The Switch Between Probabilities ................ 0 cece eee e eee ee 76 
A10 Change of Numeraire cso 5.205525 9854 SEEE ees ETES 79 
4.11 Assets with Coupons/Dividends ............ 00.0... ee ee eee eee eee es 80 
Paes bids ce ee Gdn th de be ave hae tee eee E senna 82 
The Actuarial Framework ...................0.ceeccee ence tence terete tenes 83 
Dok DOJO case c sec a sae iaaek Saeianec acs sens AE EENES 83 
Se Additonal Measites. oo. 5 use. cis cee san eE kE oE EEE ES a 83 
5.3 Double Stochastic Force of Mortality and Asset Pricing ............ 86 
5.4 Annuities in the Gompertz Framework .........ssseserseeerreeerereee 89 
5.5 The Human Mortality Database. .... 2.0.2... ccccccescee sees seeaeeens 94 
5.6 Estimation of the Gompertz Deterministic Model ................... 96 
5.7 A Stochastic Model for the Force of Mortality....................... 100 
5.8 | A Stochastic Model for the Survival Probability ..................... 107 
5.9 The Evolution of Wealth Subject to Actuarial Risk.................. 109 
POSTS TOMES cli dicen dan o E E EA AAEE EE REE EEE 111 
Financial-Actuarial Assets ............. eere 113 
QI Miodu hon ienai nr rE E E E ees EEEE 113 
62 Denvativeson Human Lite... svc. sssseersasapeecssecesesedasedene ses 113 
Ma Longevity Dond onir sei ieee E E E E EEE bes 116 
GA The TONNINE- ssroreien i EEAS EEDA 117 
Q> Dean Bond eei aodan E Ende ears shes 119 
e A E ayeous soupy eas ia ty eeepiadbechetensersetes 122 
Pension Fund Management ......................eeecee ence tence eeeneeeenes 123 
LL hiroduchoN «3.52 dice ya edi e tet E AAS EERE 123 
72 Contributions and Pensions 2.23... .6ssc5.52 cence cede e ees 123 
Pek ROBOT VER oronro bases saareecshaesvainid ary drateceachedesscendees 128 
74 Prospective Mathematical Reserve ..... cciu maire cece cess iera ce 129 
49 Funds Budget Conse. cto st cca sav tevegenescwesstescneees 133 
Tọ Pension Posies Range .5 vise 6:54 dosed sedis edi ieewekeserserss aves 136 
T7 Finds Optimisation Problem... 2.00 .seecsc2cbe cnesaeescsesesadeas ees 137 
7.8 Dynamic Optimisation (the Martingale Approach) .................. 138 
22 «= ‘The Optinval Weall .. 3.02: ovcs.ecs. cust euseceeeneeediveenescs eser eens 144 
7.10 The Speculative Portfolio Component................... eee esse eee ee 146 
7.11 The Speculative Portfolio Component: A Numerical Example ..... 148 
7.12 Hedging Portfolio Component for Minimum Wealth................ 152 
7.13 Hedging Portfolio Component for Prospective Mathematical 
RGSEI E sy isa dh ad id ones) Bish Sage ds eeedton needs sense 153 
7.14 Hedging Portfolio Component for Discount Factor.................. 154 


Contents vii 
7.13 The Case of an Incomplete Market 020.5 .5 cs. 005 ccc cies esec css ces 158 
7.16 The Role of Longevity Bonds and Ordinary Bonds.................. 160 
7.17 The Role of Longevity Bonds and Ordinary Bonds in an 

Incomplete Market. oi s2cc3h stp eeiseceyeasesep tare aE KEENE EUER es 164 
TS The Mtanga Risk... iis. 2 Ais eh Wie Ai Svea ec weed eas oni eed 166 
a cs ice as asanssaa eta ecaseeheesas Geusienaseek E 168 

8 A Workable Framework .................... cece ence cence tence eeeaeeennas 169 
Sl Todo es dtd ehud Sheer dea dus oeesguee dens soba yee sees enee R 169 
Bie Pie Sie Vas eiai an aa RRA EEEN ees 169 
$3 “The Apxaliaty FPUNCUONS  eecccsarnerasrnarreiri cenaormedeceees 172 
SA The Financial Maket: oec rerna anA REENEN EAREN EAS 178 
Sa ToD a iea aE OEA EEE OEN EEE EE 180 
8.6 Calibration of the Riskless Interest Rate.........................e eee 184 
&.7 ~. Calibraionof ME ZOB cs... csee sua csedeane este es eid tepewden opewenees 185 
5.8 Calibration of the Risky Asset 2... ..0.cc66cicccsek ces pease cassetoe ees 186 
8.9 Calibration of the Contributions .. 2.0.0... .0cc scene ees eee eees 189 
8.10 The Behaviour of the Auxiliary Functions .......................0085 191 
8.11 The Derivatives of the Auxiliary Functions ......................0085 201 
Bta Ehe raO iaa AAR EENEN RE EEAS 209 
S13 The Opümal Porelo:..i23cci.nseeisss weiuidivesntssodeanecsaesemben 216 

9 A Pure Accumulation Fund ......................c cece cece cence ee eneeeenaees 227 
91  Tnitoduction ois ges cies Ges id dd Posed (ah Res a E ees nda des 227 
oo “The Ophnsation Problem iis .eccc.egsseersasap recs secesenedasecete ses 227 
oo “Me Chaimial POWs: hic esl a rE E EEE ned 228 
9.4 <A Workable Framework... 00:s.s0.iissiscvisssete vase ceresssavieness. 230 
9.5 The Optimal Portfolio: Numerical Results ........................00. 232 


et) ee 239 


Chapter 1 ® 
Introduction Geek for 


Since the seminal papers of Markowitz (1952) and Merton (1969, 1971), the 
literature about optimal asset allocation and risk management has been developing 
fast and now takes into account many possible frameworks and applications. Here, 
we deal with the application of the asset allocation problem to a more recent topic: 
the pension funds. 

Unlike analyses dedicated to non-actuarial institutional investors (a general 
framework can be found, for instance, in Lioui and Poncet 2001), the case of a 
pension fund requires the introduction of two new characteristics: (1) the different 
behaviour of the fund wealth during the accumulation phase (hereafter APh) when 
contributions are paid by the member and the distribution phase (hereafter DPh) 
when the pension is paid to the member, and (2) the mortality risk. 

The link between contributions and pensions can be established inside one of 
the two following frameworks: the so-called defined-benefit pension plan (hereafter 
DB) or the so-called defined-contribution pension plan (hereafter DC). In a DB 
plan benefits are fixed in advance by the sponsor and contributions are set in order 
to maintain the fund in balance. In a DC plan contributions are fixed and benefits 
depend on the returns on fund portfolio (of course, also mix structures are allowed in 
the real world). DC pension schemes are becoming more and more important in the 
pension systems of most industrialised countries and are replacing the DB schemes 
that were more frequent in the past. It is well known that the financial risk is mainly 
faced by the sponsor in DB schemes and by the member in DC schemes (see, for 
instance, Knox 1993). 

Contributions and pensions must be linked by a so-called “feasibility” condition 
guaranteeing it is convenient for both the pension fund and the member to 
underwrite the pension scheme. Such a condition is also present, for instance, in 
Sundaresan and Zapatero (1997) and Josa-Fombellida and Rincón-Zapatero (2001). 
The latter work, in particular, examines the problem of a firm which must pay 
both wages (before its workers retire) and pensions (after they retire). Thus, a 
“feasibility” condition implies the equality between the total expected value of 
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wages and pensions paid with the total expected value of worker productivity 
(according to the usual economic rule equating the optimal wage with the marginal 
product of labour). 

The demographic dimension is introduced via a survival probability for the 
member of the pension fund whose time of death t is stochastic. Furthermore, in 
order to take into take into account a longevity risk, we also assume that the force 
of mortality of t is stochastic itself (in a so-called double stochastic framework). 
Let us remark that the mortality risk supported by a single subscriber is much 
more important than the one supported by the fund, and, nevertheless, the longevity 
risk cannot be effectively managed through a mutualisation technique. The only 
effective tool for hedging against longevity risk is a derivative on human life (like, 
for instance, a longevity bond). 

Here, we take into account a fully funded pension fund where pensions are paid 
using only the contributions paid by each member. This means that we do not take 
into account any overlapping generation (see, for instance, Haberman and Sung 
1994). 

The existing literature dealing with the asset allocation problem for a pension 
fund in a mixed actuarial and financial framework, mainly neglects the longevity 
risk, while some works deal with the mortality risk (see, for instance, the sem- 
inal paper of Richard 1975 and Charupat and Milevsky 2002 and Young and 
Zariphopoulou 2002 for a more recent reference). 

The optimal investment strategy in the accumulation phase (i.e. prior to retire- 
ment) in a DC framework has been derived in the literature with a variety of 
both objective functions (mainly maximisation of expected utility of final wealth) 
and financial market structures (see, among others, Boulier et al. 2001; Vigna and 
Haberman 2001; Haberman and Vigna 2002; Deelstra et al. 2003; Devolder et al. 
2003; Battocchio and Menoncin 2004; Xiao et al. 2007; Battocchio et al. 2007; Gao 
2008; Di Giacinto et al. 2011). 

There is relatively little literature on mean-variance portfolio selection in long- 
term investment planning and in pension funds (see also Steinbach 2001). Mean- 
variance problems for DC plans are solved in He and Liang (2013), Yao et al. (2013), 
Yao et al. (2014), and Vigna (2014); for DB plans they are solved in Josa-Fombellida 
and Rincén-Zapatero (2008) and Delong et al. (2008). In continuous time the mean- 
variance optimisation problem has been solved for the first time analytically by 
Richardson (1989), and then by Bajeux-Besnainou and Portait (1998), both through 
the martingale approach. The quadratic utility presents some drawbacks that will be 
shown in this work while describing how to represent agent’s preferences. 

Despite the relevant and increasing hedging need of pension funds and annuity 
providers, the market for longevity risk, i.e. the risk of unexpected changes in the 
mortality of a group of individuals, is not sufficiently liquid yet. 

Many reasons may have contributed to undermine a rapid development of the 
market, such as the lack of standardisation, informational asymmetries, and basis 
risk. Nevertheless, recent developments provide a sound technology for modelling 
the systematic randomness in mortality (see e.g. Lee and Carter 1992), for designing 
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and evaluating hedging instruments (Blake et al. 2006 and Denuit et al. 2007) and 
for managing longevity risk (Barrieu et al. 2012). 

Furthermore, the transfer of longevity risk from pension funds to re-insurers 
has become more and more common, although on an over-the-counter basis. For 
instance, the volume of outstanding UK longevity swaps has reached 50 billion 
pounds as of the end of 2014, with a prevalence of very large deals, such as the 16 
billion pounds swap between BT Pension Scheme and Prudential and the 12 billion 
Euros Delta Lloyd/RGA Re index-based transaction. Investment banks have been 
also actively in the transactions. Between 2008 and 2014, alongside reinsurance 
specialists, JP Morgan, Credit Suisse, Goldman Sachs, Deutsche Bank and Société 
Générale were involved in longevity deals (Luciano and Regis 2014). 

Longevity-linked products should be of interest to asset managers for at least 
two reasons: their low correlation to other asset classes (at least in the short run, see 
Loeys et al. 2007), and their effectiveness in hedging individual investors against the 
unexpected fluctuations of their subjective discount factors, which take into account 
lifetime uncertainty (Yaari 1965, Merton 1971, Huang et al. 2012). 

The aim of this work is to present and study the optimal portfolio choices of a 
pension fund subject to longevity risk during both the APh and the DPh. The fund 
can invest in a friction-less, arbitrage free, and complete financial market where both 
traditional assets (bonds and stocks) and a longevity bond are listed. We consider a 
fixed deterministic retirement age, in contrast with Farhi and Panageas (2007) and 
Dybvig and Liu (2010) for instance, who consider an endogenous retirement choice. 

An extensive literature has explored consumption and investment decisions when 
mortality contingent claims are present. In particular, Huang and Milevsky (2008) 
analyse the decisions of families in the presence of income risk and life insurance. 
Explicit solutions are also obtained by Pirvu and Zhang (2012) with stochastic asset 
prices drifts and inflation risk and by Kwak and Lim (2014) with constant relative 
risk aversion (CRRA) preferences. All these papers consider a deterministic force 
of mortality, while we model it as a stochastic process. We describe longevity risk 
by means of a doubly stochastic process whose intensity follows a continuous- 
time diffusion (as in Dahl 2004). This process may be correlated with the other 
state variables. With stochastic mortality, both individuals and annuity/life insurance 
sellers are exposed to unexpected changes in the force of mortality, implying under 
or over reserving. 

The optimal investment problem of pension funds in the accumulation phase has 
been studied for instance by Battocchio and Menoncin (2004) and Delong et al. 
(2008), while Battocchio et al. (2007) propose a unified model for describing both 
the APh and the DPh. The role of longevity-linked assets in investor’s optimal 
portfolio has been addressed first by Menoncin (2008). Maurer et al. (2013), solving 
a life-cycle portfolio investment problem with longevity risk, assess the importance 
of variable annuities to smooth consumption, while Horneff et al. (2010) analyse the 
role of deferred annuities. They find that these products should optimally account 
for 78% of the financial wealth of a retiree. 

While insurance products are non-marketable, longevity assets on the market 
allow individuals to dynamically hedge against mortality fluctuations (we abstract 


4 1 Introduction 


from transaction costs). Cocco and Gomes (2012) analyse, in the context of a life- 
cycle model, the demand for a perfect hedge against shocks in the life expectancy 
of a CRRA agent. They study the optimal investment in a longevity bond, which 
is akin to our zero-coupon longevity asset. In their numerical simulations, they find 
that individuals—at old ages and especially approaching retirement—should invest 
a relevant fraction of their wealth in the longevity asset. 

Here, we show how to obtain a closed form solution to the problem of a fund, 
under Hyperbolic Absolute Risk Aversion (HARA) preferences, when mortality 
intensity is stochastic. We also provide a calibrated application, which allows to 
appreciate the relevance of longevity products in the optimal portfolio. 


1.1 The Structure of the Book 


The aim of this work is to show how to solve the asset allocation problem of a 
pension fund which aims to maximise the expected utility of the wealth remaining 
at the death time of a representative pensioner. Of course, this framework is akin to 
that of a pension fund which works on a cohort of workers. 

If we call t the stochastic death time of a representative pensioner, w; the vector 
containing the fund’s portfolio and p; the rate used by the fund for discounting 
future cash flows, the problem of the fund can be written as 


max Ep |u (R+) alo mast , 


Wre[ig.t] 


where R, is the wealth of the fund at the death time, U (e) is the utility function 
and Ey [e] is the expected value operator conditional to the information available at 
time fo. The fund’s wealth dynamics is driven by both the values of the assets held 
by the fund in its portfolio and the external cash flows given by the contributions and 
the pensions. Finally, the fund must face the risks modelled by many state variables 
such as: interest rate risk, mortality and longevity risk (stochastic force of mortality), 
inflation risk. In our general framework we will take into account any (finite) number 
of state variables, but we will also present some particular cases. 

Each element of this optimisation problem is studied in this work according to 
the following schedule. 


1. The utility function is useful for taking into account the risk aversion that the 
pension fund is assumed to inherit from its subscribers (the workers/pensioners). 
In the first chapter we show how to interpret the shape of the utility function for 
representing investor’s preferences. 

2. The second chapter presents the stochastic processes that will be used in the 
work in order to model the state variables of the optimisation problem. Some 
estimation techniques will be shown too. 
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3. The third chapter shows how a financial market can be modelled through the 
stochastic processes presented in the previous chapter. In particular, we show 
how to model a portfolio of risky and risk-less asset and how to price assets 
through the fundamental theorem of asset pricing in an arbitrage free financial 
market. The issue of an incomplete financial market will also be shown. 

4. Chapter 4 will show how to use stochastic processes for modelling the actuarial 
variables, like the survival probability or the mortality intensity. 

5. In Chap. 5 the fundamental theorem of asset pricing will be used in a version 
suitable for pricing actuarial assets thought of as derivatives written on the 
force of mortality which is a stochastic process itself (modelled in the previous 
chapter). 

6. The Chap. 6 presents the theoretical computation of the optimal portfolio for a 
pension fund by using the so-called “martingale method”. We demonstrate that 
this optimal portfolio is formed by a speculative and a hedging component and 
their roles and characteristics are described in full details. 

7. In Chap. 7 we perform a full numerical example with US data and we show the 
values of the optimal portfolio containing a risk-less asset, a stock, a rolling zero 
coupon bond, and a rolling longevity zero coupon bond. The dynamics of the 
optimal asset shares are shown and commented. 

8. The last chapter is devoted to the case of a pure accumulation fund that receives 
contributions and pays a final amount of money at retirement, without any 
mortality/longevity risk (i.e. all the wealth matured for the contributors is paid to 
the heirs in case of death). This case is show just as a benchmark for underlining 
in a deeper way how the longevity risk affects the optimal asset allocation of a 
pension fund. 


1.2 The R Software 


In this book we will use the R free software https://www.r-project.org/ and its 
free interface RStudio https://www.rstudio.com/. A full introduction to the R 
programming language is out of the scope of this book. Here, we just out- 
line the main features of R. Other (and similar) software like Matlab (or its 
freeware clones like Scilab—https://www.scilab.org—or Octave—https://www. gnu. 
org/software/octave/), use mainly a vector/matrix approach to computations, while 
R also and mainly works with data frames and lists. 

In this work we use the package Knitr for IATEX (http://yihui.name/knitr/) which 
allows to code and execute R scripts directly on a IATEX document without using 
externally the R software. 

In the following code we show how to create three sets of data (with command 
c) and show the first one. 
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c(11, 12, 14) 
c(19, 20, 21) 
elio 95 7) 


Il 


e awe 
Il 


## [1] 11 12 14 


The number between brackets is the number of the first element of the row. In 
this example, the first element of the first row of A is the element number 1. 

All the sets that have been created can be put together into a data frame through 
the following commands, where we also show the whole set and a subset of it. 
Finally, the mean of the second subset is computed. In order to recall a subset of a 
data frame, the dollar symbol is needed. In the following example, the data frame 
X contains the subsets A, B, and C which are identified as X$A, X$B, and X$C 
respectively. 


X = data.frame(A, B, C) 
X 

HH A BC 

## 1 11 19 10 


## 2 12 20 9 
## 3 14 21 7 


X$A 
## [1] 11 12 14 
mean (X$B) 


## [1] 20 


A matrix can be created by concatenation of the sets A, B and C (row by 
row through the command rbind—or column by column through the command 
cbind). The new matrix (called M) can be used as argument of a matrix command 
like computing its determinant (det) or its transposition (t). 


M = rbind(A, B, C) 


det (M) 

## [1] -21 

t (M) 

## A B C 


## [1,] 11 19 10 
## [2,] 12 20 9 
## [3,] 14 21 7 


1.2 The R Software 7 


When two matrices are multiplied through the command «, the product is applied 
element wise. In order to apply the matrix product, we must use the command %+%, 
as we can see in the following example. 


M*M 


##  [,1] [,2] [,3] 
## A 121 144 196 
## B 361 400 441 
## C 100 81 49 


M %¥*% tM) 


HH A B Ç 
## A 461 743 316 
## B 743 1202 517 
## C 316 517 230 


If the command rbind is used on a matrix and a single number, a new row 


is appended to the matrix and all the elements of this row are equal to that single 
number. 


rbind(M, 0) 

## {,1] G2 E3] 
## A 11. 12 14 
## B 19 20 21 


## C 10 9 7 
HH 0 0 0 


The elements of a matrix or a set are identified by their coordinates inside 
brackets. 


Mia, 4g 


## B 
## 19 


A[3] 


## [1] 14 


A subset of elements can be selected by using brackets, comas, and colon as 
follows. 
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M[1:2, 1] 
## A B 
## 11 19 


The meaning of the above command is: “Take form matrix M, the row from | to 
2, and the column 1”. 

A sequence can be created through the command seq whose arguments are as 
follows: 


seq(from = , to = , by = ,length.out = , along.with = ) 


where “by” contains the constant difference between two adjacent elements of 
the sequence, “length.out” is the number of elements in the sequence, and 
“along .with” is the variable whose dimension we want the sequence to replicate. 
Here are some examples. 


seq(0, 2, by = 0.5) 
## [1] 0.0 0.5 1.0 1.5 2.0 
seq(0, 1, length.out = 10) 


## [1] 0.0000000 0.1111111 0.2222222 0.3333333 0.4444444 0.5555556 0.6666667 
## [8] 0.7777778 0.8888889 1.0000000 


seq(O, 1, along.with = A) 


## [1] 0.0 0.5 1.0 
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Chapter 2 ® 
Decision Theory Under Uncertainty Chente; 


2.1 Introduction 


The choice of any agent on the financial market is guided by his/her preferences. 
Under some technical hypotheses, these preferences can be fully described through 
a function, the so-called “utility function”. This function is a pure theoretical artifice 
but allows to use a powerful tool like the calculus for working with preferences and 
makes computations much easier. 

In this chapter we show how to switch from preferences to a utility function and 
the characteristics of such a function. In particular, we show that it can suitably 
represent the risk aversion of an agent. 

The knowledge of the utility function is fundamental for our approach, since we 
base our model on the assumption that the pension fund maximises an objective 
function which must consistently take into account its risk aversion on the financial 
markets. 


2.2 Decision Theory (Without Risk) 


Economic agents (households, firms, governments, institutional investors, and 
so on) are assumed to behave according to their “preferences”. In Economics, 
preferences are always given and do not depend on any other variable (they are 
the so-called “primitives”). 

Preferences are usually defined on goods (and services). Nevertheless, in finance, 
preferences are rather defined on cash flows (which may be available either 
immediately or in the future). The main relationship used for describing preferences 
is the following one: 
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¢ “to be (weakly) preferred to” (>): when the cash flows in vector x are preferred 
to the cash flows in vector y, we write 


X>y, 


where the adverb “weakly” means that for some elements of the vectors an agent 
might be indifferent between x and y. 


The indifference relationship can be obtained from the previous one: 


¢ “to be indifferent to” (~): when the cash flows in x are indifferent to the cash 
flows in y we write 


x~y. 


Given x and y, if both x > y and y > x hold, then the only conclusion is that the 
elements in x must be indifferent to the elements in y. 


An economic agent is said to be “rationale” if his/her preferences (described by >) 
are both 


e complete: this means that an agent is always able to declare his/her preferences 
when facing a choice; in formal terms, we can write that, given x and y, either 
x > yor y > x or both (this last case coincides with the “indifference” case, 
i.e. x ~ y); this is a strong hypothesis since agents may not know the possible 
choices (what about choosing between a gulasch and a moussaka if you have 
never tasted those dishes?); 

e transitive: this means that given three vectors x, y, and z, if an agent prefers x 
to y, and prefers y to z, then he/she must also prefer x to z; formally 


x> y, YR > XZ. 


Rationality is the less restrictive requirement, but without any additional hypothesis 
we are not able to represent preferences through any function. The hypothesis we 
still need to this purpose is 


e continuity: given three outcomes x > y > z, it is always possible to find a linear 
strictly convex combination of x and z which is indifferent to y; formally 


Yx>y>z, dae[0,1l]:y~ax+(U—-a)z. 


Theorem 2.1 Jf preferences are rationale (i.e. complete and transitive), and 
continuous, then there exists a continuous function U (e) (so-called “utility 
function”) such that 


x > y4 U (x) 2 U Q). 
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For a formal proof of Theorem 2.1 see Gollier (2001). 

The utility function is, of course, not unique. Since the result of Theorem 2.1 
just implies an inequality, any monotonically increasing transformation of the utility 
function U (e) does not alter such inequality. In other words, if V (e) is an increasing 
function, then 


U (x) > U O) = VU (x) > V (U Q)). 


This result allows us to conclude that a utility function cannot in any way be used 
for measuring the satisfaction of an economic agent. Instead, the utility function is 
just suitable for ordering the outcomes according to the preferences. In other words, 
the value U (x) has no meaning by itself (and defining any unit of measure for it 
does not make any sense), and the utility function U (e) is relevant only for checking 
whether U (y) is higher or lower than U (x). 

Rationality and continuity allow to switch from the field of preferences to the 
field of functions where all the powerful tools of the mathematical analysis can be 
applied. 


2.3 Decision Theory (With Risk) 


Theorem 2.1 is very useful for studying the behaviour of agents in a framework 
without risk, i.e. if the arguments of the utility function are deterministic. In case 
of risk, instead, the same framework does not allow to reach any significant result. 
If we are in a risky framework, x and y are stochastic variables and they cannot be 
compared through an inequality like that in Theorem 2.1. 

A stochastic cash flow x can be represented as follows: 


where x; (i € {1,2,...,k}) is the cash flow that occurs with probability p;. If 
we think of x as the payoff of a risky asset, then each x; is the payoff obtained 
in a particular state of the world and is not known ex ante. If the cash flows in x 
are continuously defined, then there exists a (non negative) density function f (x) 
(whose integral on the whole domain is 1) through which we can measure the 
probability that a cash flow takes value in [a, b]: 


b 
Plasx<b}= f Ft (x) dx. 
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In this framework, preferences defined on stochastic cash flows can be described 
through a utility function if and only if they satisfy another property: 


e independence (of irrelevant alternatives): if an agent prefers x to y, then 
between the two bundles (x, z) and (y, z) that contain z in the same proportion, 
he/she must prefer the bundle containing x. Formally: 


x > y 4> Vz, a € [0, 1]: x + (1 — &æ)z > ay + (l1 — æ)z. 


Under this axiom, one of the most important result for the choice theory under 
uncertainty is reached (von Neumann and Morgenstern 1947). 


Theorem 2.2 If preferences are rationale (i.e. complete and transitive), 
continuous, and independent of irrelevant alternatives, then there exists a 
continuous function U (e) (so-called “utility function” ) such that 


x > y 4 E[U (x)] > E[U Q). 


Here E[e] is the “expected value” operator, and a formal demonstration of 
Theorem 2.2 can be also found in Gollier (2001). 

Also in this case the utility function is not unique, but this time the result of 
Theorem 2.2 is unaffected if and only if we apply an affine increasing transformation 
to the utility function (any other increasing transformation may alter the result). In 
fact, if we use a + bU (x) (with b positive) , the previous relationship becomes 


è [a + bU (x)] > E[a+bU (y)], 


which can be simplified to 


a + bE[U (x)] > a + bE [U (y)], 


and 


u [U (x)] > E[U (y)], 


where we clearly see the need for b to be positive (if b is negative, the last passage 
does not preserve the sign of the inequality). 
All the results we have exposed so far are summarised in Table 2.1. 
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Table 2.1 Relationship between axioms on preferences and utility theory 


Preferences (>, ~) Utility Expected utility 
Complete 
either x > y 
ory>=x 
or both (i.e. x ~ y) 
Transitive => Rationale 
25 ce Wal) 175 
= XZ 
Continuity => JU (e):x>y 
Yx>y>žz <1 
da € [0, 1] : U (x) > U (y) 
yrax+(l—a)z 
Independence > JU (e):x>y 
Yx, y,z,&œ € [0, 1]: _ 
x>y [U (x)] = E[U (y)] 
= 
ax+(l—a)z 


zay+(l—a)z 


Example 2.1 Let us assume that the cash flow x has the following distribu- 


tion: 
a, p 
i 
b, 1-—p 


where we assume b > a and p is the probability that the cash flow a happens. 
The cash flow y, instead, has the distribution 


a, 2p 
y= 
b, 1—2p 


where the probability of the event a has been doubled. 

Any agent who prefers to have more than less (i.e. b > a > U (b) > 
U (a)) prefers the stochastic cash flow x. Actually, in x the worst case has a 
higher probability, and the better case has a lower probability. In fact, the two 
expected utilities are 


2 [U (x)] = U (a) p + U (b) (1 — p) =U (b) — p (U (b) - U (a)), 


ù [U (y)] = U (a) 2p + U (b) (1 — 2p) = U (b) — 2p (U (b) — U (a)), 


(continued) 
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Example 2.1 (continued) 
where, since U (b) — U (a) > 0, it is evident that 


E [U (x)] > E[U (y)]. 


Table 2.2 Lotteries for the 


ine Probability 
so-called Allais’ paradox Lottery | 0.01 | 0.89 01 
x 50 50 50 
y 0 50 250 
w 50 0 50 
Z 0 0 250 


2.4 Critics to the Expected Utility 


One of the most important critics to the expected utility framework came from Allais 
(1953) who proposed an experiment based on the following lotteries (stochastic cash 
flows): 


o- [so i | © 0-89 
EC? 50, 0.11 
0, 0.01 508 
y 4 50, 0.89 Zz 250. 0.1 
250, 0.1 prg 


We see that lottery x is “degenerate” since it pays 50 with probability 1. These 
lotteries can also be represented as in Table 2.2. 

We can set U (0) = 0 and U (250) = 1 (without any loss of generality)! and so 
the expected utilities from the four lotteries are: 


i [U (x)] = U (50), 

S [U (y)] = 0.10 + 0.89U (50), 
] 
] 


3 [U (w)] = 0.11U (50), 
z [U (z)] = 0.10. 


'Note that give any utility function U (x), the transformation ESET (which implies U (0) = 
0 and U (250) = 1) is an affine increasing transformation of U (x) and, accordingly, it does not 


alter investor’s preferences. 
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These lotteries were actually presented to some agents and Allais found that most 
of the people in the experiment preferred x to y, and z to w. According to the 
expected utility framework, if x is preferred to y then we must have 


2 [U (x)] > E[U (y)], 


which means 
U (50) > 0.10 + 0.89U (50), 
or 
0.11U (50) > 0.10. 


It is evident that this result implies that w must be preferred to z (and not vice 
versa). Thus, if an agent prefers x to y and z to w, his/her preferences are violating 
the independence axiom. 

In a financial framework, this violation is avoided through an argument known 
as “Dutch book” (a situation where the bookmaker proposes a set of trades which 
leave the other part strictly worse off). 

Let us take four lotteries: a, b, c, and d where d is a linear combination of b and 
c (for instance d = xb + ło). This means that d can also be interpreted as a lottery 
whose outcomes are again lotteries: with probability 5 the outcome of the lottery 
will be b, and with the same probability the outcome will be c. 

If an agent has preferences such that 


then he/she should also prefer a to d (since d is a combination of lotteries that he/she 
does not like). 

Let us assume, instead, that d > a (i.e. preferences are not “independent of 
irrelevant alternatives”). In this case, when deciding whether to invest in a, b, or c the 
investor coherently chooses a. Nevertheless, a bank may offer him/her to exchange 
this asset with the combination d. The agent accepts (and he/she pays a fee for such 
a trade). When the outcome of the compound lottery d happens, the investor has 
either b or c. Nevertheless, now he/she is willing to give this asset back to the bank 
and receive the asset a that he/she prefers (and for this trade he pays other fees). The 
strategy of the bank can start again! 

So, an agent whose preferences are not independent, can be Dutch-booked by 
any bank and will be eliminated from the financial market in no time. 
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2.5 Risk Aversion 


We start by taking into account a lottery (R) whose outcomes can be either Rj (with 
probability p) or Rz (we assume R2 > R1): 


Ri, p 
Ro, 1l-p 


R= 


The expected value of R is, of course, between the two values R and R2 
(Fig. 2.1). If an agent receives either R; or Ro, his/her utility is either U (R1) or 
U (R2), respectively. The expected utility lies between U (R1) and U (R2), on a 
straight line (Fig. 2.1) since the expected value is a linear operator. 

Now, if the agent faces the choice either to play the lottery (and receive either Rı 
or R» at the end) or to receive its expected value without any risk, he/she has the 
following alternatives: 


ù [U (R)] = expected utility of the lottery, 


U (E[R]) = utility of the expected value of the lottery. 


We say that an agent is risk averse if his/her preferences are such that 


U (E[R]) > E[U (R)]. (2.5.1) 


Utility function 


by! 


O 


Fig. 2.1 Behaviour of a concave utility function 
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Definition 2.1 An agent is risk averse if and only if he/she prefers to receive 
the expected value of a lottery for sure, rather thank playing the lottery. 


If the utility of the expected value is higher than the expected utility, then the 
utility function lies above the straight line drawn between two of its points: this is 
exactly the definition of a concave (utility) function. The inequality (2.5.1) is the 
so-called “Jensen inequality”: Jensen stated that a concave transformation of an 
integral is greater than the integral of the same concave transformation. 

Accordingly, we can conclude what follows. 


Proposition 2.1 An agent is risk averse if and only if his utility function is 
concave. 


Of course an agent whose utility function is convex is a risk lover, while an 
agent whose utility is linear is risk neutral. Thus, in order to measure risk aversion, 
we must compute the “degree of concavity” of a function (and the risk aversion is 
accordingly linked to the second derivative). 

Arrow and Pratt (Arrow 1965; Pratt 1964) propose another approach which leads 
to the same result linking concavity and risk aversion. The idea is to start from 
Jensen inequality (2.5.1) and to make it an equality by reducing the argument of the 
utility in the left hand side. In other words, we assume that an agent is willing to 
pay an amount of money (x) in order to avoid the risk; thus x is like an insurance 
premium and it is called “risk premium”. The maximum amount of money an agent 
is willing to pay for avoiding the risk solves the equation 


U (E[R] — x) = E [U (R)]. (2.5.2) 


Remark 2.1 The argument of the utility in the left hand side (E[R] — x) is 
called “certainty equivalent’, and is the certain amount of money which is 
equivalent to an uncertain amount in terms of expected utility. 


Now, both sides are developed in Taylor series under the hypothesis of having a 
small risk (i.e. either a wealth close to its expected value or x = 0). When the utility 
U (R) is expanded in Taylor series (up to the second order) around R = E[R], we 
obtain 


1 
U (R) = U (E[R]) + Ur Œ[R] (R -E [R be Une (ELA) (R = i[R)’, 
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where the subscripts on U indicate partial derivatives (a double subscript is the 
second derivative), and whose expected value is? 


1 
i [U (R)] > U (E[R]) + 5 Ure ( SERD V[R], (2.5.3) 


where Y [e] is the variance operator. 
The utility function U (E[R] — x) is expanded (up to the first order) around 
x =0: 


U (E[R] — x) ~ U (E[R]) — Ur (E[R]) x. (2.5.4) 


This time we stop to the first order since we do not want to have a second order 
polynomial in x. By equating the two approximations (2.5.3) and (2.5.4), we have 


1 
U LR) + [Ure (Œ [R]) V [R] = U (Œ [R]) — Ur (Œ [R] x, 


or 


_1 Urr (EIR) 
2 Ur EIR) 


X= YI[R]. 


This result allows us to conclude that the amount of money an agent is willing 
to pay for avoiding the risk is proportional to both the variance of wealth and 
the opposite of the ratio between the second and the first derivative of the utility 
function. This last ratio, in particular, is called “Arrow Pratt (absolute) risk 
aversion index”: 


_Urr(R) 


ARA = : 
Ur (R) 


Since the behaviour of an agent may change with the level of his/her wealth, then 
also the so-called “Arrow Pratt relative risk aversion index” is often used: 
URR URI R 
Ur(R) ` 


RRA = — 


The inverse of the risk aversion index is called “risk tolerance” (RT) index and 
it can be computed either in absolute (A RT) or in relative (RRT) terms too: 


ART = — UR 
Urr (R) 

ret =O 
Urr (R) R 


2We recall that E [R — E[R]] = 0 while [(R — 2 ER])’] is the variance of R. 
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The utility functions are often classified according to the risk aversion RA index 
by acronyms formed by four letters: 


e the first letter indicates whether the index is “Constant”, “Increasing”, “Decreas- 
ing” or “Hyperbolic” with respect to wealth; 

e the second letter indicates whether the index is in the “Absolute” form or in the 
“Relative” form; 

e the two last letters are “RA” (standing for “Risk Aversion’). 


Accordingly, we may have HARA, CARA, CRRA, DARA, IARA, DRRA, IRRA, 
and so on. 
One of the most general forms of the utility function is the following one: 


1-$ _ 
U (R) = eie Z, (2.5.5) 


If the exponent 1 — a is not integer, then the power is well defined only if its base 
is positive 
a+yR >Q. 


Thus, the domain of the function is 
a 
Re Y (2.5.6) 


The derivatives of (2.5.5) are 


Ur (R) = (& + yR)” 
Urr (R) = —ô (a + yR)”. 


Accordingly, this function is always increasing in wealth, and is concave if and 
only if ô is positive. The Arrow Pratt absolute risk aversion is 


ô 


ARA = ———, 
a+yR 


which has a hyperbolic form (thus, this function is classified as a HARA utility). 

If y > 0, the extreme of the domain (2.5.6), i.e. —“, can be easily interpreted as 
a “subsistence level”, that is an amount of wealth below which agents do not want 
to go. In what follows, we will discuss in details the signs of the parameters œ and 
y. 

Let us now look at some important sub-cases of the general HARA utility 
(2.5.5): 


22 


1. 
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with y = 0 anda = 1 we have a CARA case: 


j=% 
1 R) v-1 
U (R) = in ETEA t= 


y>0 y— ô 
im iyn a 
= lim —- = 
yd 5> Y 3 
| 
=~ se ty 


and the utility function has an exponential form; 


. with a = 0 (and y = 1 for simplifying) we have a CRRA case: 
U (R) = 1-6 _ 1 
© 1-6 ’ 


i.e. a power utility function; this is one of the most commonly used utility 
function in economics; 


. with a = 0, y = 1, and ô = 1 we can use De l’ Hôpital theorem on the previous 


result and have 


_ R! —1 | —R'*InR 
U (R) = lim ———— = lim ———— =InR, 
é>1 1-6 b> 1 -1 
which is a log function; 
. with 6 = —y and y < 0 we have 
R} —1 
pioa as Mi 
2y 


which is a quadratic utility function. The main disadvantage of this function 
(which allows for some closed form solutions in economics) is that it has a 
maximum point and after that point an increase in wealth implies a reduction 
in utility (i.e. the first derivative is not always positive). In this case, the domain 
of wealth is the whole real line, because the exponent of the power is integer. 
Nevertheless, the marginal utility is positive (as we want it) only in the domain 
|-2o, -2]. This means that a quadratic function does not prevent the wealth 
of an agent from being negative. Furthermore, the optimal wealth will never be 
higher than —a/y, which is a kind of target for the optimisation problem. In fact, 
in some papers, the approach which uses this quadratic utility function is also 
called “target approach”. 


The above mentioned results are summarised in Table 2.3. 


Inada (1963) proposed a list of “good properties” that a utility function must 


satisfy in order to have a consistent model: 
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Table 2.3 Particular cases of utility (2.5.5) 


Parameters Utility ARA RRA 
y=0.a=1 l — le-?R exponential ô CARA ôR IRRA 
a=0,y=1 eal power 4 DARA 1 CRRA 
a=0,y=1,ô=1 In R logarithm q DARA 1 CRRA 

y=-6 jt ee quadratic — IARA 2r IRRA 

1. U (0) = 0; this condition is not restrictive since any utility function can be 


modified for satisfying it; in the case of HARA function (2.5.5), for instance, 
we can rewrite it as 


V (R) = ————-_ — U (0) 


and now V (R) satisfies the first Inada’s condition; 

2. U (R) € C!, i.e. U (R) is continuously differentiable (which also implies that it 
is continuous); 

3. Ur (R) > 0 (increasing function); the function (2.5.5) has a derivative which 
is always positive in the domain; this hypothesis means that any agent always 
prefer to have more than less; 

4. Urr (R) < 0 (concave function); the function (2.5.5) is concave for ô > 0; this 
hypothesis means that the agent is risk averse; 

5. limr-+o Ur (R) = +00: this means that when wealth reaches zero, any 
(even infinitesimal) increase in wealth gives an infinite increase in utility and, 
accordingly, the optimal wealth can never be zero; the function (2.5.5) does not 
satisfy this condition for R = 0 but it satisfies it for R equal to the left bound of 
the domain Cp) in fact for y > 0 and ô > 0, 


È 
Y 


lim (a+yR) Y = +00; 
R>-£ 
r 


in this case we can conclude that it will never be optimal to have a wealth equal 
to the “subsistence” level —%; 

6. limr—++oo Ur (R) = 0: this means that when wealth tends towards infinity, any 
increase in wealth does not change the utility level (if an agent is infinitely reach, 
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the utility to have 1 more cent should definitely be zero!); the function (2.5.5) 
satisfies such a condition for y > 0 and ô > 0. 


We have seen that the utility function (2.5.5) satisfies a modified version of the 
Inada’s conditions if y > 0. Accordingly, the only parameter which can be either 
positive or negative is a. In particular: 


e if a < 0, then there exists a positive amount of wealth, that we can call a 
“subsistence wealth”, below which agents cannot survive; 

e if a > O, then the wealth is allowed to be lower than zero, which means that an 
agent is allowed to borrow money and be indebted during a period of time. 


2.6 The Stone—Geary Utility Function 


What we have defined as a HARA utility function is also known as the Stone—Geary 
utility function (Geary 1950) and can be written in the following form: 


Gw (Raa? — 1 
E 1—ô i 
where œ can be interpreted as a subsistence level of wealth. In fact, the domain of 
this function is [a, +-oo[, and it is never optimal, for wealth, to go below the value a, 
whose unit of measure is the same as wealth. The Arrow—Pratt risk aversion index 
is 


ARA= ; 
R 


and so we can conclude that: 


e the higher ô the higher the risk aversion; thus 6 is a measure of risk aversion; 

e the higher a the higher the risk aversion: if an agent has a high subsistence level 
of wealth, he can reach such a wealth at the end of a management period only if 
he increases the amount of riskless asset held in his portfolio; 

e the higher the wealth, the lower the risk aversion: this is a behaviour that is often 
observed on financial market, where wealthier agents invest in portfolios that 
contain higher percentages of risky assets; 

e the risk aversion depends on the distance between agent’s wealth and the 
subsistence level: in this way a wealthier agent may behave in a more risk averse 
way than a poorer agent if his subsistence level is higher. 


When æ is set to zero, the so-called Cobb-Douglas utility function is obtained. The 
main weak point of the Cobb-Douglas is that it allows for a very low level of wealth 
that may not be compatible with the preferences shown by many agents on financial 
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markets. In fact, the investment strategies of the agents are often defined in terms of 
a minimum level of wealth that is required, and this level coincides with a. 

Both the Stone—Geary and the Cobb-Douglas utility functions show an absolute 
risk aversion that decreases with respect to wealth. Nevertheless, the Cobb—Douglas 
ARA has an absolute elasticity with respect to wealth equal to 1, while the Stone— 
Geary ARA has a higher absolute elasticity (given by R/ (R — @)). 

In the case of a pension fund, the parameter œ plays an important role, since it can 
be interpreted as a minimum wealth (or return) that is guaranteed to the contributors 
at the retirement date. 


2.7 Certainty Equivalent on Financial Markets 


In R there exist two useful packages which allow to download (financial) data 
directly from internet: “quantmod” and “downloader”.* For installing these pack- 
ages, the following commands are needed: 


install.packages(’quantmod’) 
install.packages(‘downloader’) 


Once these packages are installed on R, they must be uploaded into R memory 
through the following commands. 


library (quantmod) 
library (downloader) 


If we want to download the value of the S&P500 from Yahoo starting from 
January 1950, we must use the following command (the symbol “A“GSPC” stands 
for the S&P500 index on Yahoo): 


getSymbols("“GSPC", src = "yahoo", from = "1950-01-01", 
return.class = "zoo" 


## [1] ""GSPC" 


Here, we have used the “return.class” zoo, since it is one of the best class 
for managing time series, like the S&P500 prices over time. 

Now, in the new time series GSPC there are as many elements as the daily values 
of the index S&P500 from January 1950 to the date when the command has been 
given. This time series is formed by seven sub-sets (the date, the open price, the 
high price, the low price, the close price, the volume and the adjusted close). The 


30On internet there are detailed manuals on how these packages work. 
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SP = GSPC$GSPC.Close 
plot(SP, xlab = "years", ylab = "S&P500") 
grid() 


Fig. 2.2 Behaviour of the US index S&P500 starting from January 1959 [Source: Yahoo Finance] 


structure of this data frame can be seen through the command (the first letter must 
be capital) 


View (GSPC) 


Since we just need the closing prices, we can isolate and plot them with the 
commands shown in Fig. 2.2. 

The commands xlab and ylab allow to write labels on the x axis and y axis, 
respectively. The command grid () creates a grid on the plot for making it easier 
to read. 

The plot of the log-return can be obtained by computing the differences of the 
log of the prices as follows (we also compute the mean daily return), as shown in 
Fig. 2.3. The return can be transformed into a daily basis by multiplying it by 250 
(the working days per year). 
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Log-return on S&P500 
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plot(return, xlab = "years", ylab = "Log-return on S&P500") 
gridQ 


Fig. 2.3 Daily log returns on the US index S&P500 starting from January 1959 [Source: yahoo 
finance] 


return = diff(log(SP)) 
mean (return) 


## [1] 0.0002966138 
mean(return) * 250 


## [1] 0.07415345 


Now, we can create a function in R which allows to compute the certainty 
equivalent for the stochastic return of the S&P500. A function has always the 
following syntax: 


name=function(inputl,input2,...) { 
commands 


} 


The last line of the commands is always the output of the function, while other 
software declare the output at the beginning when defining the function. In R, if 
more than one output are needed, all the output must be gathered in a list or a frame. 
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If we call S the value of the S&P500 index, the certainty equivalent (8) for 
an agent whose preferences are represented by a CRRA utility function solves the 


following equation 
S! — 1 gis = 
| = | a = ae 


which gives 


e— |s! je, 


which is of course a function of the risk aversion ô. The function for computing the 
certainty equivalent (“CE”) is defined in the following code. Then, the function is 
applied (element-wise through command “sapply’”) to a set of ô € [0,5] (going 
from 0 to 5 with step 0.05). The figure is finally plotted (and a grid is added to the 
plot). 


600 
| 


certainty equivalent 


delta 


CE = function(delta) { 
mean(SP7(1 - delta))7(1/(1 - delta)) - 1 
F 
delta = seq(0, 5, by = 0.05) 
plot (delta, sapply(delta, CE), type = "1", ylab = "certainty equivalent") 
grid() 


The command “type=’1’” is needed in order to represent the figure as a 
continuous line and not as a sequence of dots like in the default setting of the 
command plot. 
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While the risk aversion increases, the certainty which makes an agent indifferent 
between it and the average S&P value becomes smaller and smaller. Such a 
relationship is concave as we can see in the figure (where also the discontinuity 
for 6 = 1 is present). 


2.8 Utility and Time 


The utility of some monetary unit available at time ¢ may be different from the 
utility of the same amount of money available at time t + 1. Actually, any agent who 
is impatient must prefer money closer to the present time. If the utility function is 
allowed to depend on time U (t, x), then the following inequality must hold: 


U(t,R)>U(tt+1,R). 


Another way to take into account this impatience is to apply a discount factor to 
the utility function, assuming that it is separable in time (t) and money (R) according 
to the following form: 


U (t, R) = yu (R). 


Here, u (R) is a timeless utility function satisfying all the properties listed in the 
previous sections, while v; is a discount factor whose value decreases while time 
goes on, i.e. 


gee < 0, 
ot 
so that amounts of money available farther and farther are twined with lower and 
lower weight. 

Discounting is needed to make comparable the utility of monetary amounts 
available at different time points. Indeed, the additivity of say two utilities u (R;) 
and u (Rr) in the following form 


vru (Ri) + vru (Rr), 


requires time equivalence: 


ur 
Ur (« (Rr) + ae (Rr) : 


t 


where v; is the current value of a unit value at t. Thus, the utility obtained from Rr 
can be compared with that obtained from R; if it is multiplied by the ratio ae Such 
a ratio is a kind of discount factor itself which allows to discount money from T to 
t. 
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The discount factor may take as many functional forms as agent preferences (a 
complete review of these forms and their implications is presented in Shane et al. 
2002). In discrete time the most common discount factor has the following form: 


v =+)”, 


where p > 0 is a “subjective” discount rate measuring agent’s impatience. The 
main advantage of this formulation is that the ratio between two discount factors is 
a discount factor itself, in fact: 


vr +o” 


= — = (1+0 7 = vr. 
w +o” ‘ 


When each period is divided into n sub-periods, the discount factor can be written 
as 


—nt 
Vt = (1 + £) ; 


n 


and when the number of sub-periods tends towards infinity, the continuous time 
discount factor is obtained 


—nt 
lim (1+ 4) M e”, 


noo n 
Also in this case the ratio between two discount factors is a discount factor itself: 


—pT 
UT e —o(T— 
— =e oT t) = UT-t- 


Ur et 


Definition 2.2 A discount factor v; is said to be “separable” if on = vrs 
for any T > t. 


A discount factor is not separable if discounting from T to t < T is different 
than discounting at first from T to s < T and then from s to t < s. Algebraically, 
we can say that v; is not separable if 


UT 
— Æ vT. 
Ut 


When the discount factor is not separable, a problem of inter-temporal consis- 
tency arises. This is the case of the so-called hyperbolic discount factor: 
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which is not separable, in fact: 


Another way to have preferences affected by time is to take into account a utility 
which depends not only on present wealth, but also on past wealth. If, for instance, 
utility depends on a weighted sum of past wealth, we can write 


t 
Vru Q Saks) ) 


i=l 


where œ; are weights. In this case, the preferences take into account the so-called 
“habit formation”, i.e. an investor’s utility increases only if his/her wealth is higher 
than the past average wealth. For instance, the following utility function may be 
considered 


: Lyt op .\!? 
u (2, Dans) = (Rr = Vint a Rai) 


: 1-6 
i=1 


2.9 A First Pension Model 


With the tools that we have developed in the previous sections, we can now face 
a first simple pension problem. Let us assume an agent works for one period, then 
retires and becomes a pensioner for another period. In both periods the agent takes 
utility from his/her consumption. In the first period the agent receives a wage (s) 
and a percentage of this wage (x) is paid into a fund (or saved), while the remaining 
wage is consumed (c+). During the second period (in t + 1) the agent can consume 
the pension which is equal to the amount of money saved during the first period 
(ks) compounded at a rate (u). This rate can be viewed as the average return on the 
assets in which the saving has been invested. 

Finally, we assume that the utility is separable in consumption and time according 
to the following law: 


1 
U (cr, t) = Uru (cr) = Utoy“ (ct) 5 


where p is the subjective discount rate. 
If the agent wants to maximise the utility of his/her consumption during both 
periods by choosing the percentage of wage to save, he/she must solve the following 
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problem 


1 1 
max Ih; esau (cr) + ase (on) (2.9.1) 


co =s(U-k), 


Gai =sk (1+ u), 


where we have used the notation E; [e] for indicating the expected value computed 
under the information set available at time ż. In particular, we are assuming that the 
values of all the variable are known at time t, while some variables (like jz in this 
framework) are not known at time ¢ and, accordingly, are stochastic variables. 

In such a framework, the only stochastic variable may be u, which, in t + 1, 
may have a higher or a lower value according to the return obtained on the financial 
market. 

The problem can also be written as 


i 1 1 
max t y" (s d = K)) + (+ ptt" (sk (d + w)| $ 


whose First Order Condition (FOC) on x isf 


1 
z | —s —u' (s (l1—x))+5(1+ — u (sk (1+ |=0, 
| aroy” EOOD +5 UED qe (se LE) 
where the primes on the utility functions are the first derivatives (with respect to the 


whole argument). 
The FOC can be simplified as follows (recall that s is not stochastic): 


1 
—u! (s(1—«)) + | Ew (oe c+ 1)| =0, 


and 


w’ (cr41) 
u' (ct) 


oF [o +u) | =1+p. (2.9.2) 


The ratio between the marginal utilities inside the expected value is called “Inter- 
temporal Marginal Rate of Substitution” (IMRS). It measures how much of 
future consumption an agent is willing to give in exchange of present consumption. 


4Here, we have differentiated the objective function with respect to « by using the property that 
the derivative of an expected value is equal to the expected value of the derivative. 
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Equation (2.9.2) allows us to conclude that if all the agents on the financial 
market optimally behave by the same rule, then the expected compounding factor 
(1 + u) on the pension system, weighted by the IMRS, must equate the subjective 
compounding rate (1 + p). 


Example 2.2 If we take into account an agent whose preferences belong to 
the CRRA family, then the utility function of consumption is 


c!’ 


u (c) = o 


In this case the FOC (2.9.2) becomes 


=6 
e(a +w (2) -ize 
t 


and if we substitute c; and c;; from the constraints of Problem (2.9.1), we 


have 
' AEn eB 
faro (5) -ira 


whose only solution for « is 


1 
* 
K= T 


3 
l+p 
E (—=-} 


This quasi-explicit solution allows us to conclude that, with these prefer- 
ences, the optimal percentage of salary invested in ¢ for having a pension in 
t + 1 (with return jz), is always greater than O and lower than 1. 


Even in this very simple framework, the behaviour of the optimal investment in 
a pension scheme does not unequivocally depend on ô and u, while we are only 
able to conclude that when p increases, i.e. the agent becomes more impatient, the 
optimal value «* decreases. In fact, when the agent’s impatience increases, he/she 
will prefer to consume more at time ¢ and less at time t + 1, because the future 
consumption will have a less weight in the total discounted utility. 

Please note that the optimal value «* does not depend on the salary level s. This 
result is due to the particular shape of preferences. In fact, the CRRA utility function 
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implies that the (relative) risk aversion does not depend on the level of wealth (and, 
thus, on the level of salary). 

If we use as u the returns obtained on the S&P500 in the previous sections, we 
can check the shape of «* as a function of p and 6. The first step is to define the 
function «* and obtain its values for a sequence of p and for a set of values of ô. 

In the following code we use the command “which” that is the analogous of 
“find” in other software and that gives the coordinate of any element satisfying a 
given condition; in this case there is a double condition (defined with “and” written 
as “&’’) that u must be different from (the symbol + is rendered as “!=”) zero and 
greater than 1. 


kap = function(rho, delta) { 
mu = return * 250 
mu = return[which(mu != O & mu > -1)] 
1/(1 + ((1 + rho)/mean((1 + mu * 250)7(1 - delta)))~(1/delta)) 


} 
rho = seq(0, 1, 0.01) 
kap1 = kap(rho, 1) 


kap2 = kap(rho, 2) 
kap3 = kap(rho, 2.5) 


Then we can plot the figure with the following commands. The command 
“matplot” allows us to plot a matrix, in which any column is taken as the series 
that must be plot. Accordingly, if we have a matrix with C columns and R rows, this 
command will draw C curves, each made of R points. 

In Fig. 2.4 we see that x* is a negative function of p and a positive function of 6. 
Furthermore, we see that the higher ô the less reactive «* to p. 

In the code we added a legend, with the corresponding command, which takes 
some arguments: 


e The first argument (between marks) is the string indicating the position of the 
legend: it is possible to chose ’top’ (the legend is put on top and in the middle of 
the figure), *bottom’, ’right’, ’left’, or a combination of two of these options (like 
in the example). 

e Another argument (called Legend) contains the strings to appear in the descrip- 
tions of the curves. 

e In the legend we use the same options that are used in the plot command 
for setting the curves (e.g. line type, width, colour). The option lty takes the 
following values: 0O—blank, 1—solid, 2—dashed, 3—dotted, 4—dotdash, 5— 
longdash, 6—twodash. 

e The command “bty='n’” produces a legend without the black border around 
it. This command stands for “box type = none”. 


1” 
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matplot(rho, cbind(kap1, kap2, kap3), type = "1", lty = seq(1, 
3), xlab = "rho", ylab = "kappa", col = 1) 

grid() 

legend("bottomleft", legend = c("delta=1", "delta=2", 
"delta=2.5"), lty = seq(1, 3), col = 1, bty = "n") 


Fig. 2.4 The optimal percentage of wage (x) that must be optimally invested on financial market 
as a function of the subjective discount rate (o) 


Example 2.3 Now, let us assume that the utility function belong to the HARA 
family and has the following form: 


(c i œ)!’ 


OS as 


The FOC (2.9.2) now becomes 


AS —ô 
Basm (See) J-arn, 


s(l—k)-a@ 


which cannot be simplified as in the previous case. Nevertheless, we can 
immediately check that, this time, the salary s does matter. Actually, in 


(continued) 
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Example 2.3 (continued) 


a HARA framework, the distance between the wealth (salary) and the 
subsistence level a, crucially affects the risk aversion. 


Unfortunately, in this case we are not able to find a closed form solution for 
the optimal percentage « and we could only proceed with numerical methods, after 
estimating both the values of all the parameters and the distribution of u. 

In the easy framework we have studied in this section there are many missing 
characteristics of a more realistic framework. 


1. A mortality risk: in Problem (2.9.1) the agent is sure to live two periods; instead, 
in amore realistic framework, a stochastic death time must be taken into account. 

2. A longevity risk: even if a death risk is considered, it is unlikely that the 
parameters of the force of mortality determistically behave over time; instead, 
a more realistic model, would take into account a force of mortality which is 
stochastic itself. 

3. The presence of a financial market: in Problem (2.9.1) the agent just chooses 
either to consumer or to save for his/her pension. In the real world, there is also 
a financial investing decision about how much to invest in risk-less and risky 
assets. In this case, the decision how much to invest in a pension scheme, would 
become part of a portfolio allocation problem, where the pension is just a new 
class of risky asset. 


All these aspects will be introduced in the following chapters and the optimal 
portfolio for a pension fund will be computed in a quasi-explicit form. 
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Chapter 3 A 
Stochastic Processes Cheek tor 


3.1 Introduction 


We have already argued that the analysis of a consistent framework for a pension 
fund must take into account stochastic variables such as the death time, the force of 
mortality, the asset prices/returns, the interest rate, the cash flows of contributions 
and pensions. These stochastic variables follow different paths over time and so they 
can be modelled through different stochastic processes. 

In this chapter we show the properties of a class of stochastic differential 
equations that are used in finance for describing the dynamics of some variables. 
In particular, we stress that some variables like the wages should growth over time 
(on average), while other variables, like the interest rate, should move around a kind 
of “equilibrium” value. Both these behaviours can be modelled by using the same 
family of stochastic differential equations. Thus, this chapter will give us the tools 
for effectively describing the dynamics of all the main variables that describe the 
framework that a pension fund must face in its management. 


3.2 Deterministic Linear Differential Equation 


The dynamics of most of the economic variables can be described by a linear 
differential equation like the following one: 


dx; = (atXı + b,) dt, (3.2.1) 
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for t € [to, T], where a; and b; are deterministic functions. If a boundary condition 
is provided, a unique solution to this equation exists. In particular, if an initial value 
Xto is known, the solution to (3.2.1) is 


T T T 
x7 = xelo ee f byels “dids, (3.2.2) 


to 


while, if the final value x7 is known, the solution to (3.2.1) is 
T T Ss 
syare na f bee fo "t gg, (3.2.3) 
to 


Both cases are useful in finance, and their relevance depends on the sign of the 
functions a; and b;. The most important cases take into account a; and b; with 
different signs. 


e a; < Oand b; > O: in this case (3.2.2) represents the behaviour of a variable 
which tends to revert towards an equilibrium value. In particular, if a is constant, 
it measures the strength of the reversion towards the equilibrium and if b is 
constant, -2 is the equilibrium value. When a; = —a and b; = b are both 
constant, then (3.2.2) simplifies to 


i=) b b 
xe = xpe T0) +b = (xn — 2) e7 2T —to) r 
Q a a 


where we see that while T increases, the value of x7 becomes closer and closer 
to its equilibrium value b, In particular, if the initial value xr is higher (lower) 
than B, xr decreases (increases) over time. 

* a; > Qand b; < 0: in this case Eq. (3.2.3) describes the price of an asset at time 
to whose future cash flows are given by —by, xr is the final value of the asset (for 
bonds, it mainly coincides with the face value), and a; is a discount factor. 


The main characteristic of a financial framework is that the future cash flows and 
the discount rate are not deterministic. This is the reason why, in modern finance, 
Eq. (3.2.1) is used in a modified (stochastic) version that we are about to present. 


3.3 Stochastic Linear Differential Equation 


In order to take into account the risk, Eq. (3.2.1) is modified by adding an error term 
as follows: 


dx = (axt + by) dt + ¢ (t, x1) d W;, (3.3.1) 
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where ¢ (t, x;) is a deterministic function of both time and state x;, and W; is a 
Wiener process (normally distributed with zero mean and variance t). 

A complete analysis and presentation of Wiener processes and stochastic calculus 
applied to finance can be found in many dedicated manuals (Karatzas and Shreve 
1991; Øksendal 1998; Karatzas and Shreve 1998; Duffie 2001; Björk 2009). 


t 
If It6’s lemma is applied to the variable xe o audu 


differential: 


, we obtain the following 


d (xe Mert) = pye odidi + hott, syaw, 


whose expected value at time fo is 


le fa (ne =| = ‘to [ne wt . 


We use the notation En [e] in order to represent the expected value computed 
under the filtration at time fo or, in other words, given all the information available 
at time fo. This expected value is computed under the so-called historical probability 
P, i.e. the probability which can be calibrated on the historical data on financial 
market. 

Now, if both sides of the previous equation are integrated between fo and T, the 
following result is obtained 


T T S 
a audu r — f° audu 
fo sre a = xo] = v p bse fo“ as) 
to 


and 


T T S 
Xto = to sre Jo audu -f be~ to edas] , (3.3.2) 
to 


The value of the variable x; at time tọ is the same we have obtained in Eq. (3.2.3) 
but, this time, the future cash flows (xr and b;) are computed under the expected 
value. 

We can obtain a very important result when both a; and b; are deterministic and 
there exists a function 6; such that 


_ Bs 


b 
s Js 


— asBs. 
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In this case Eq. (3.3.2) becomes 
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and, finally 


~ fr audu 
to Ler] = Br + (Xt = Bi) e'o : 


This means that if the process starts at X = Lt, then its expected value is equal 
to fr for any t > fo. Furthermore, if the function a; is negative, then the limit of this 
process is 


lim Ep [xr] = lim £r, 
T—>0o T>oo 

and the expected value of x; tends to converge towards 6, while time goes on. Such 

a behaviour is called “mean reversion” and x; is said to follow a “mean reverting 

process”. 

Either the differential equation (3.3.1) together with its final value x7, or the 
expected value (3.3.2) are two equivalent ways to represent the same quantity. 
Equation (3.3.2) is a kind of solution to the differential equation (3.3.1), but a strong 
form solution of it can be found only under particular conditions that must hold on 
the diffusion term ¢ (t, x;). For instance, if @ (t, xt) is constant, then a strong closed 
form solution to (3.3.1) exists. We refer the reader to the previously mentioned 
literature for details about these conditions. Here, we just show that case of a linear 
diffusion term 


Q (t, x1) = bot + Pix, 


where ġo, and ¢1,; are two deterministic functions of time. The solution to the 
process dx; in this case is 


lig (uhh ash b1.udWu (3.3.3) 
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This solution and the closed form solutions of other stochastic differential 
equations are presented in Kloeden and Platen (1992). 

The Wiener process is not the only way for describing the stochastic behaviour 
of a state variable. Some recent developments in the literature have concentrated 
on the Lévy processes which, contrary to the Wiener processes, are not driven by 
a Gaussian distribution. For a presentation of the Lévy processes used in finance 
the reader is referred to Cont and Tankov (2004); Øksendal and Sulem (2010); 
Le Courtois and Walter (2014). For an application of them to the pension scheme 
of a representative consumer, instead, the reference is Le Courtois and Menoncin 
(2015). 


3.4 Stochastic Models Used in Finance 


Most of the stochastic models used in finance are particular cases of the following 
stochastic differential equation: 


dx, = (axı + b) dt + ox} dW,, (3.4.1) 


which is a heteroscedastic process whose variance 


V, [dx] = 02x?" dt, 
is proportional to x, itself through the parameter y. The model (3.4.1) is usually 
identified as CKLS because of the initials of the authors who first estimated its 
parameters (a, b, o and y) for modelling the short-term interest rate in USA (Chan 
et al. 1992). 
Three very common financial models are particular cases of (3.4.1). 


e Geometric Brownian Motion GBM—(y = 1 and b = 0): this model is often 
used for describing the behaviour of stock indexes on financial markets. In this 
case (3.4.1) has a closed form solution (which can be obtained by applying Itô’s 
lemma to the logarithm of x+): 

12 
x= PP Jeto) +o (WW) 
which allows to conclude that x; is log-normally distributed. In this case ø is the 
standard deviation of the log-return of the index, while the expected log-return is 
12 
g= zo s 

e Mean Reverting Vasiček (1977) model (y = 0 anda < 0): in this case xz is 
normally distributed, homoscedastic, and can accordingly take negative values; 
the solution to (3.4.1) is 


t 
z = age EO) 4 (1 — ete) 4 f ol) dW. 


|a| to 
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For instance, the GDP growth rate or the inflation rate can take negative 
values and they actually tends to revert towards a kind of equilibrium value. 
Unfortunately, this model does not allow to suitably describe heteroscedastic 
phenomena, and most of the economic variables are actually heteroscedastic. 

Mean Reverting Cox et al. (1985) model—CIR—(y = Ti anda < 0): the 
expected value of this variable behaves exactly like the previous one, but the 
variance is not constant and it is instead proportional to the variable itself (thus 
allowing for heteroscedasticity). Furthermore, if 2b > ø? (known as “Feller 
condition”), the variable x; never takes negative values and never reaches zero. 
In other words, zero is a so-called reflecting barrier. There exists no close form 
solution for x; in this case, but this model has a closed form solution for the 


t 
expected value of the discount factor e Ho ee which plays a crucial role in 
financial models since it coincides with the price of a zero-coupon bond when 
x; is the (instantaneously) riskless interest rate. This model is often used for 
describing interest rates (or other kinds of discounting rates, like the force of 
mortality). 


When the process represents a mean reverting variable, the interpretation of the 


equilibrium value É is straightforward, while the interpretation of the force of 


the mean reversion effect (|a|) is less clear. Hopefully, the interpretation of this 
parameter as a measure of the mean reversion strength, has a counterpart as a time 
measure. Let us assume that we want to find the time t* at which the difference 
between the expected value of x; and its initial value x, is half the difference 


b 


between the equilibrium value — and the initial value. Algebraically, we can write 


la| 


i 1/b 
to ke] — Xig = 5 jal ; 


and, if we substitute the expected value 


Tto [x] = xye™ lelto) + b (1 = a Ua) 
la| i 


we obtain 


t* = to + —. 


la| 


The value ¢* is called half-life and its unit of measure is in years. Thus, while 


the value of (|a|) may not have a precise meaning, the value of t* is the number of 
years that the process takes to cover half the distance to the equilibrium value. 
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A stochastic differential equation like (3.4.1) is usually estimated by taking into 
account its finite difference version, where dx; = Xt+dt —X; is replaced by xj+1 — x; 
as follows 


xi+1ı =b- dt + (1 +a- dt) xi +ox) Vdtei, (3.5.1) 


and where ¢; is a standard normal variable. Now, dt is the ratio between the time 
unit of measure used for the variable x; and the number of observations in each unit 
of measure. Thus, if we take into account daily data and we want to estimate year 
rate of return, then dt = xu (where 250 are the working days in a year). Note that 
the parameter y is not affected by the time unit of measure, while o is proportional 
to the square root of dt. 

The estimation of the parameters can be done through two main methods: 
(1) the method of moments, based on the idea to match the theoretical and 
empirical moments of a stochastic process,! and (2) the method of maximum 
likelihood, which maximises the probability to extract the empirical data from a 
given distribution. 

If the value of y is known (and must not be estimated), Eq. (3.2.1) can be 
transformed into a homoscedastic process through a suitable transformation. For 
instance, we can define the new variable 


y = +, (3.5.2) 


whose dynamics can be found by using Itô’s lemma 


2 


1 
dy, = (ca+d-nw-3 5 
t 


7) dt + odW;. 
(3.5.3) 


y 
T= 


+bA+A-=y)y) 


This process is homoscedastic since its instantaneous variance is constant: 


V; [dy] = o°dt. 


'We recall that the Ordinary Least Square (OLS) method can be traced back to the method of 
moments. 
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An immediate application of the method of moments gives the estimated 
volatility: 


(3.5.4) 


Remark 3.1 The validity of the model for describing the data can be checked 
through the homoscedastic transformation (3.5.2). If the model (3.4.1) is 
correct, then after applying the transformation (3.5.2) to the data, we should 
obtain a homoscedastic process. 


Now, the equation for dy; can be estimated through Ordinary Least Square, since 
it is now a homoscedastic process. The estimation is performed on the following 
discretised version of (3.5.3): 


l 2 
44 =a-dt+U+a-dt—- ;t{-=- -dt | —————_- 
Yi+1 = ( a ( y))yi ( 7⁄7 ); aya 
o Bi a 


Bo 


__y 
+b-dt(l+(1—y)yi)) F +ovdte;. (3.5.5) 
b3 


The case of a GBM is even simpler. In fact, if b = 0 and y = 1, Eq. (3.5.3) 
becomes? 


1 
dlnx = (« = 50°) dt + odW;. 


In order to apply the method of moments, we must compute the first and the 
second moment of d In x;: 


i [dnx] = (a 5 307) dt, 
Y; [dln x;] = o7dt. 


l-y 
2We recall that lim,— 1 — = lnx, and lim,_,; 1 + (1— y) y) 7 =e”. 
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If we solve this system for a and o, we obtain the following solutions/estima- 


tions: 
x | V; [d In x;] 
ô = ,/ ———, 
dt 


Or [d Inx;] + 4V; [d In x;] 
dt ` 


Q 
ll 


If we use the log-returns already computed on S&P500 (gathered in the variable 
return), we have the following estimations (with dt = 1/250). Here, we use the 
function sd which computes the standard deviation of data. 


dt = 1/250 
sigma_hat = sd(return)/sqrt (dt) 
sigma_hat 


## [1] 0.1565085 


a_hat = (mean(return) + 0.5 * sd(return)~2)/dt 
a_hat 


## [1] 0.08640092 


When also the parameter y must be estimated, the methods we have just 
presented cannot be applied any longer, and other methods must be used. In R there 
exists a package called Sim. DiffProc that allows to estimate parameters for any 
form of a stochastic process. 


3.6 The Interest Rate 


Now we can download the time series of the returns on the secondary market of 
the 3-month US Treasury Bill (from FRED database https://research.stlouisfed.org/ 
fred2/). In what follows we use the command “na.omit” in order to eliminate 
from the database the values which are not numbers. 


getSymbols("DTB3", src = "FRED", return.class = "zoo") 
## [1] "DTB3" 


DTB3 = na.omit (DTB3)/100 


46 3 Stochastic Processes 


The graphical result is shown in Fig. 3.1. 

The behaviour of the interest rate on T-Bills can be clearly divided into two main 
periods: from 1954 to the first and second oil shocks in the mid Seventies and first 
Eighties, and from this time to the date of the sub-prime crisis (2007/2008). During 
the first period, interest rates are increasing and then they start decreasing. Many 
sub-periods can then be identified. 

One of the most striking effects of the sub-prime crisis, is that some short term 
interest rates have become negative (like the 3 month T-Bills in US and the 3 month 
Euribor in EU). It is possible to find the negative (or zero) values in the set DTB3 
through the following commands, which also show the dates when these negative 
rates happened. 


2 
Z- 
E 
=) i=) 
ËE 37 
3 
ne 
a 
H ite) 
yee 
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e | 
i=) 
T T T T 
1960 1980 2000 2020 
plot(DTB3, xlab = "", ylab = "T-Bill 3m return") 
grid() 


Fig. 3.1 Returns on the secondary market of the 3-month US Treasury Bill [Source: https:// 
research.stlouisfed.org/fred2/] 
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which(DTB3 <= 0) 


## [1] 13725 13731 13735 14423 14432 14480 14481 14926 15421 15423 15426 15429 
## [13] 15430 15431 15433 15434 15435 15438 15444 16548 16549 


DTB3[which(DTB3 <= 0)] 


## 2008-12-10 2008-12-18 2008-12-24 2011-09-22 2011-10-05 2011-12-15 2011-12-16 
## 0e+00 Oe+00 0e+00 Oe+00 0e+00 Oe+00 0e+00 
## 2013-09-26 2015-09-18 2015-09-22 2015-09-25 2015-09-30 2015-10-01 2015-10-02 
## 0e+00 -1e-04 -1e-04 -1e-04 -1e-04 -2e-04 0e+00 
## 2015-10-06 2015-10-07 2015-10-08 2015-10-14 2015-10-22 2020-03-25 2020-03-26 
## 0e+00 Oe+00 -1le-04 Oe+00 Oe+00 -4e-04 -5e-04 


We can see that the first zero interest rate on T-Bills appears on 10 December 
2008 (the year of the sub-prime crisis), while the first negative interest rate appears 
on 18 September 2015. The presence of negative interest rates makes the model 
(3.4.1) inappropriate for any rational value of y. 

The Vasiéek (1977) model (with y = 0) allows x (t) to be negative and its 
parameters can be estimated with the procedure shown in the previous section. If 
y = 0, Eq. (3.5.5) becomes 


Viel = (a +b) -dt + (a -dt + 1) yi +ovdte;, 
and, since in this case y; = x; — 1, we finally have 


xi+ı =b- dt + (a-dt + 1l)xi +ovdte;. 
Bo By 


After estimating Bo and £1, the parameters of the model are obtained as follows: 


=b-dt, b = 6, 
Bo 
Bi =a-dt+1, a = AR 


The estimation of ø can be easily obtained from (3.5.4) where, since y = 0, 
dx; = dy. Here, dt = 1/250 since we use again daily values. In R we write the 
following code (we call the estimation sigma_vV since it refers to Vasi¢ek 1977). 


sigma_V = sd(diff(DTB3))/sqrt (dt) 
sigma_V 


## [1] 0.01375297 


The commands for the regression of xj; on x; are as follows, where also the 
estimations of a and b are obtained. We recall that the equilibrium value towards 
which the process reverts, is given by 2. 

In the following code we use the double square brackets for telling R to take just 
the numerical value of the command (without any label). The command 1m (linear 
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model) estimates an OLS regression, where the dependent variable is written on 
the left hand side of the tilde, while the independent variables are on the right. The 
command “summary” shows a kind of table gathering the results of the regression: 
residuals, estimation of the coefficients, their standard error, t-values, and p-values, 
and other statistical indexes. 


y = DTB3[2:length(DTB3) ] 
x1 = DTB3[1:(length(DTB3) - 1)] 
vasicek = lm(y ~ x1) 


summary (vasicek) 

#H 

## Call: 

## lm(formula = y ~ x1) 

#H 

## Residuals: 

## Min 1Q Median 3Q Max 


## -0.0126555 -0.0002021 -0.0000067 0.0002022 0.0134389 
## 
## Coefficients: 


## Estimate Std. Error t value Pr(>|tl) 

## (Intercept) 1.512e-05 1.156e-05 1.309 0.191 

#H x1 9.996e-01 2.180e-04 4584.626 <2e-16 *** 

## --- 

## Signif. codes: 0O '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' '1 
## 


## Residual standard error: 0.0008698 on 16594 degrees of freedom 
## Multiple R-squared: 0.9992,Adjusted R-squared: 0.9992 
## F-statistic: 2.102e+07 on 1 and 16594 DF, p-value: < 2.2e-16 


b_V = vasicek$coefficients[[1]]/dt 

a_V = (vasicek$coefficients[[2]] - 1)/dt 
# equilibrium value 

b_V/abs(a_V) 


## [1] 0.04108868 


Cox et al. (1985) model (with y = 0.5) can be estimated through model (3.5.5) 
written as follows 


1 1 1 
yi1 =a- dt + (1 piä ar) yt (+ = 50°) dt —— + oVdtei, 
2 4 1+ ai 
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1 
and, since y; = 2 C — 1), 


1 1 1 1 
saa (1454 ars erje —ovdté;. 
————— aM ————— Xi 
Bi Ba 


After estimating 6; and £2, the parameters of the model are obtained as follows: 


Bi = 1+ 5a-dt, a = AD, 
b=} (b - 407) dr, b = 2B 4 Io? 


Before estimating the parameters, we must take the negative and zero interest 


rate out of the sample. In fact, with y = 7 the square root is not defined for the 
1 
negative values of the interest rates, and the ratio x, Z is not defined for x; = 0. 


Thus, we now write the code for taking the time series of the interest rate just before 
the first date when the interest rate becomes zero or is negative. 


DTB3_0 = DTB3[1:which(DTB3 <= 0)[1] - 1] 


1 
The estimation of ø is obtained again from (3.5.4) where y; := 2 (x! — i) and 
dy =d (2./x1). We call the estimation sigma_C since it refers to Cox et al. (1985). 
sigma_C = sd(diff(2 * sqrt (DTB3_0)))/sqrt(dt) 
sigma_C 
## [1] 0.06623315 
Finally, we can estimate the other parameters a and b. In this particular case, the 


command for the OLS regression “1m” contains one more option “-1” which orders 
R to perform the regression without the constant. 
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y = DTB3_0[2:length(DTB3_0)]*0.5 

x1 = DTB3_0[1:(length(DTB3_0) - 1)]70.5 
x2 = DTB3_0[1: (length(DTB3_0) - 1)]7(-0.5) 
CIR = lm(y ~ x1 + x2 - 1) 

summary (CIR) 


HH 

## Call: 

## lm(formula = y ~ x1 + x2 - 1) 

## 

## Residuals: 

## Min 1Q Median 3Q Max 
## -0.074519 -0.000654 -0.000023 0.000634 0.050112 


HH 

## Coefficients: 

## Estimate Std. Error t value Pr(>|t|) 

## x1 9.995e-01 1.256e-04 7957.113 < 2e-16 *** 

## x2 2.116e-05 4.965e-06 4.262 2.04e-05 *** 

## --- 

## Signif. codes: O '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 


## Residual standard error: 0.002093 on 13721 degrees of freedom 
## Multiple R-squared: 0.9999,Adjusted R-squared: 0.9999 
## F-statistic: 7.973e+07 on 2 and 13721 DF, p-value: < 2.2e-16 


a_C = 2 * (CIR$coefficients[[1]] - 1)/dt 

b_C = 2 * CIR$coefficients[[2]]/dt + sigma_C72/4 
# equilibrium value 

b_C/abs (a_C) 


## [1] 0.04990227 


The values that we have obtained for the parameters of both model are gathered 
in Table 3.1. 


Table 3.1 Estimation of the parameters of models Vasiéek (1977) and Cox et al. (1985) on the 
3-month US Treasury Bill (from FRED database https://research.stlouisfed.org/fred2/) 


Parameters Cox et al. (1985) 
a —0.2339697 
b 0.0116756 
o 0.0662331 
Mean reversion (—a) 0.2339697 
Equilibrium (4) 0.0499023 
Half-life (122) 2.9625506 
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When a stochastic differential equation is simulated, it is discretised as in (3.5.1). 
The path of the variable x; can be obtained by starting from its initial value xr 
and then computing xy; for any i by generating a random (normal) variable at each 
passage. 

Here, we can create a function for simulating the CKLS model (3.4.1) whose 
input are: the parameters a, b, o and y, the initial value xy, the time interval dr, 
the time when the simulation must end (tr = T), and the number of simulations to 
generate (N). 

The output is a matrix containing, in each row i € {1,2,...,7}, the set of 
N possible values of the variable x;,, and, in each column j € {1,2,..., N}, the 
simulation of the whole path for a given state of the world. Thus, we initially define 
a matrix of zeros, whose dimension is T x N. Actually, since each unit of time (1 
year) is divided into sub-periods of length dt, the number of rows is i 

In the code below we use a for cycle which allows to produce any 
new simulation starting from the previous one. We also use the command 
“rnorm(x,mean,sd)” in which the first argument is mandatory and indicated 
the quantity of numbers that must be drawn from the normal distribution. The other 
two optional arguments indicate the mean and the standard deviation, respectively. 
If these two options are not specified, a standardised normal variable is used. 


CKLS = function(a = 0, b = 0, sigma = 1, g = 0, x0 =1, 
dt = 1/250, T=1, N=1) { 
x = array(0, dim = c(T/dt, N)) 


x[1, ] = rep(x0, N) 
for (i in 2:(T/dt)) { 
dx = (a * x[i - 1, ] + b) * dt + sigma * x[i - 
1, ]~g * rnorm(N) * sqrt(dt) 
x[i, ] = x[i - 1, ] + dx 


Now, we can use such a function for generating a fake series of the 3-month 
T-Bill rate, with the following characteristics: 


e we set the parameters at the values estimated in the previous section; 

e the initial value coincides with the first element of the dataset DTB3; 

* we generate the same numbers of days as the length of the dataset DTB3, 
expressed in terms of years; since we have daily data, the number of years is 
given by the length of DTB3 divided by 250 (the working day per year); 

e we create 10 simulations of the same path. The 10 paths are drawn in light grey 
and the true time series of the 3-month T-Bill rate is added to the plot; 

e finally, the mean of the 10 simulations is shown (dotted line). 
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sym_V = CKLS(a = a_V, b = b_V, sigma = sigma_V, g = 0, 
xO = DTB3[1], dt = 1/250, T = round(length(DTB3) * 
dt), N = 10) 
matplot(sym_V, type = "1", col = "lightgray", ylab = "", 
ylim = c(min(sym_V, DTB3), max(sym_V, DTB3))) 
lines (as .numeric(DTB3) ) 
lines(rowMeans(sym_V), type = "1", lty = 3, col = "blue") 
grid() 


Fig. 3.2 Simulation of 10 trajectories (in light grey) of the Vasiček (1977) process estimated on 
the historical data of 3-month Treasury Bill 


The commands and the results are shown in Fig. 3.2 for the model Vasiéek (1977), 
and in Fig. 3.3 for the model Cox et al. (1985). In particular, the command “lines” 
overlay a new curve on the current plot (thus it cannot be used alone without a plot 
command set before). Furthermore, the option “ylim” inside the command plot 
contains the boundaries of the vertical axes, needed for avoiding that the simulations 
belong to a set that is too different with respect to the domain of the empirical data. 

We can check that the both processes are actually mean reverting and the interest 
rate moves around an equilibrium value with two relevant exceptions: 


e the high inflation period during both oil crises (mid Seventies and initial 
Eighties); 

e the 2007/2008 crisis when the interest rate is set to zero by the Federal Reserve 
System. 
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sym_C = CKLS(a = a_C, b = b_C, sigma = sigma_C, g = 0.5, 
x0 = DTB3[1], dt = 1/250, T = round(length(DTB3) * 
dt), N = 10) 
matplot(sym_C, type = "1", col = "lightgray", ylab = "", 
ylim = c(min(sym_C, DTB3), max(sym_C, DTB3))) 
lines (as .numeric(DTB3) ) 


lines (rowMeans(sym_C), type = "1", lty = 3, col = "blue") 


grid() 


15000 


Fig. 3.3 Simulation of 10 trajectories (in light grey) of the Cox et al. (1985) process estimated on 


the historical data of 3-month Treasury Bill 


3.8 The State Variables 


We assume that our economic framework can be fully described by a set of (s) 


state variables solving stochastic differential equations. In a dynamic programming 


problem such variables are called “state variables” and if they are gathered in the 
vector zt € R5, we now assume that z; solves the following matrix stochastic 


differential equation 


dz = Mz (t, zņ)dt + Q(t, z)TdW,, 


sx] sxl sxk kxl 


(3.8 


1) 
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roll.vol = na.omit(rollapply(return, 250, sd)) 
plot(roll.vol, xlab = "", ylab = "rolling volatility") 
grid() 


Fig. 3.4 Rolling volatility of the S&P500 returns (daily computed on the basis of 250 days) 


where the k Wiener processes driving z; are assumed to be independent,’ and T 
indicates transposition. 

The functional forms of both the drift u; and the diffusion Q can be specified in 
any way which guarantees the existence of a solution to (3.8.1). 

Typical state variables are: 


e the riskless interest rate, like the 3-month T-Bill rate we have already seen in the 
previous sections; 

e the market prices of risks as we are about to define in the next chapters; 

e the general level of prices, for taking into account the inflation risk; 

e the volatility of asset returns, which is stochastic itself as one can easily perceive 
from Fig. 3.4. In this figure we use the command rollapp1y (available inside 
both the package zoo and the package quant mod) that allow to apply a function 
to a window of data whose width is specified as an argument of the function. 


3The independence hypothesis is not restrictive since we can always switch from a vector of 
dependent Wiener processes to a vector of independent Wiener processes (and vice versa) through 
the Cholesky decomposition of the variance and covariance matrix. 
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Chapter 4 ® 
The Financial Market heal for 


4.1 Introduction 


The description of a financial market through stochastic processes is fundamental 
for solving an dynamic optimisation problem. In particular, in this chapter we 
show how to check whether a market is arbitrage free and complete. We will 
always assume that the financial market is arbitrage free, since this is an obvious 
assumption that no model can disregard. Instead, the completeness hypothesis will 
be technically necessary for solving the optimal portfolio in semi-closed form and, 
in particular, for using the so-called “martingale method”. 

The absence of arbitrage is the hypothesis that we rely on for showing one of the 
most powerful result in finance: the fundamental theorem of asset pricing. Under 
this hypothesis there exists a (risk neutral) probability under which the expected 
return on any asset on the financial market is equal to the risk-less interest rate. We 
will show how to price any risky asset by switching between the historical and the 
risk neutral probability. 

All these tools are necessary for developing the analysis in the following 
chapters. 


4.2 Financial Assets 


Let us assume that on financial market there are n risky assets whose prices $; € R} 
follow the matrix stochastic differential equation 


15 'dS, = w(t, S))dt + E (t, S,)'dW,, (4.2.1) 
nxnnxl nx nxk kx1 
S (to) = So, 
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where Js is the diagonal matrix containing the asset values (S1, S2,...5S,) and the 

prime denotes transposition. The functional forms of the drift u and the diffusion £ 

can be specified in any way which guarantees the existence of a solution to (4.2.1). 
The expected (instantaneous) returns on these assets are 


z, [1i 'ası] = u (t, S;) dt, 
while their (instantaneous) variance and covariance (n x n) matrix is 
V, [z'as] = S(t, SYT E (t, Sò) dt. 


Hereafter, we will neglect the functional dependencies of both u and XT with 
respect to time and space in order to keep the notation as simple as possible. 

Furthermore, on financial market there exists a riskless asset (issued by the 
Government) whose price G; solves 


dG; 


t 


= rdt. (4.2.2) 
Remark 4.1 If we know the value in fo of the asset G then the (unique) 
solution of differential equation (4.2.2) is 


t 
fJ, rudu 
G; = Gye 0 5 


and the ratio 


for any T > t is the discount factor between ¢ and T. 


4.3 Portfolio and Wealth 


A portfolio is a linear combination of assets S$, and G; whose value R; is given by 


R, = w] S, +woaGi, (4.3.1) 


Ixn nxl 
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where w, and wg, are the number of risky and riskless assets held in the portfolio, 
respectively (if the element w;,; is negative then corresponding asset S; is short 
sold). 

Since the portfolio allocation w; and wg,; may change over time according to the 
changes in the asset values then both w; and wc.+ must be considered as stochastic 
variables. This means that the differential of R; must be computed as 


dR, = dw} x Si +w] x dS;+dw} x dS; 
a 
d(w} St) 
+dwG,t X Gt + wes x dG, 
—— 


d(w/ Gr) 


where the term d WG ,dG; lacks because Gy is deterministic.! After rearranging the 
terms we have 


dR, = wl dS; + wg dG; 
N oa 
dRis 


+dw] (S; + dS) + dwe. x Gr, 
—— 


dR 


where d Rj ; are changes in wealth due to the changes in asset prices (dS; and dG;) 
while d R2; are changes in wealth due to changes in portfolio allocation (dw; and 
dwg). 

The changes in the portfolio composition are subject to a constraint, since we 
cannot invest more than the available wealth. Accordingly, we can distinguish three 
cases. 


1. Strict self-financing condition: the agent has no more wealth than his/her 
portfolio value and he/she does not want to withdraw any money from it. 
Accordingly, in each period, he/she can invest more in one asset only if he/she 
suitably decreases the amount of money invested in the other assets. This 
condition can be written as 


dw} (S; + dS;) + dwg. x Gi = 0, 
where we see that S; + dS; is the new price of asset S;, after the period dt. 


2. Outflows: at each period, the agent wants to withdraw some money from his/her 
portfolio in order, for instance, to finance consumption. If we call c;dt the amount 


'We recall that if both X, and Y, are stochastic variables, then the differential of their product is 
d(X1Y;) = Y;ıd X, + X;dY; + dX;dY;. 
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of consumption in the instant dt, then 
dw} (S; +dS;) + dwg. x Gi = —c;dt, 


since the total change in wealth due to agent’s allocation decision (i.e. d R2,1) 
must coincide with the amount of money that is withdrawn. 

3. Inflows: at each instant in time, the agent receives some yield y;dt and a 
percentage œ; of it is invested in the portfolio; this means that when deciding 
the asset allocation, the agent allows to invest more than his/her portfolio value 
as follows: 


dw} (S; + d5S;) +dwe.t x Gi = a;y;dt. 


Case 2 is typical of a pension fund when it starts paying pensions during the so- 
called “distribution phase”: at each time the amount of pensions are deducted from 
its wealth. Instead, case 3 is typical of a pension fund when it receives contributions 
from its sponsors during the so-called “accumulation phase”. 

In order to accommodate all the mentioned cases, we take into account the 
following equation: 


dw} (Si + dS) + dwg. x Gr = kidt, 


where k; is a variable which may take either positive, or negative values over time. 
Accordingly, the wealth differential can be written as 


dR; = wl dS; + we1dG; + kdt, (4.3.2) 


which is the dynamic version of the constraint (4.3.1). Since both constraints must 
be verified at any time, we can merge them by taking wg, from (4.3.1) and plugging 
it into (4.3.2). Accordingly, we have just one (dynamic) constraint: 


R, —w/S, 
t — Wr% IG, + kdt, 
G; 


— am 
wG.t 


dR; = wi dS;+ 


and after substituting for both d S, and dG, from (4.2.1) and (4.2.2) respectively, we 
have 


Ixn nxn \nx1 n Ixn Xn nxk kxl 


dR; = (2n + wy Is (m = fy 1,) + s) dt+w} Is Li dw (t), (4.3.3) 
x 


where 1 is a vector containing just 1’s. 
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The differences 


Mr — ril, 


between the expected returns on the risky asset and the riskless interest rate, are 
called risk premia. In fact, they measure the excess return (with respect to r;) that 
agents need in order to bear a given risk. Thus, there is a risk premium for any asset 
on the financial market. 


4.4 External Cash Flows and Modified Wealth 


In many financial textbooks the stochastic equation describing wealth does not 
contain any external cash flow (i.e. k; = 0 in (4.3.3)). Here, we can formally trace 
back our analysis to that case by choosing a suitable function K; which solves the 
following differential equation: 


dK; = (Kiri + ky) dt. (4.4.1) 
Accordingly, the difference dR; —d K, = d (R; — K;) is given by (recall (4.3.3)) 
d (Ry — Ki) = ((Rr — Kr) ri + w; Is (tr — r:1)) dt + wy IgE sd, 
and, if the modified wealth is defined as 
R, := Ri — Ks, 
we can write 
dR, = (Rir: + w] Is (ur — re) dt + w) Is EJ dW. (4.4.2) 
Accordingly, all the definition of arbitrage and market completeness that we are 
about to present apply to our framework in the same way they do in the usual 
financial approach without any external cash flow. In the following section we will 
present such ideas. 


Now, we concentrate on Eq. (4.4.1) which is linear like (3.2.1) and whose 
solution, if k is known, is given by: 


t t 
ke = kyeh 4 f ksels "duds, 


to 


Thus, at each time ¢, the value of k; is given by the sum of its past values 
compounded by the interest rate r;. In the case of a pension fund, the variable k; 
plays a relevant role which will be investigated in details in the future chapters. 
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In (4.4.2), w Is is the amount of wealth invested in each asset. Sometimes, the 
wealth differential equation is written as a function of the percentage of (modified) 
wealth invested in each asset: 


1 
O; := =w I : 
t RB t iS 


In this case, the stochastic equation for wealth becomes 


dR 
= = (r, +07 (ur — r:1)) dt + 0) DT dW.. (4.4.3) 
t 


4.5 Arbitrage 


A financial market is well defined if there is no arbitrage (gain without risk). We 
define an arbitrage as a portfolio without risk and whose return is different from 7;. 
Accordingly, 6; in (4.4.3) is an arbitrage if the two following conditions hold 


6, (m —r,1 ) # 0. 
Ixn \nxl nxl 


For checking whether there is an arbitrage on financial market, we can use the 
following result. 


Lemma 4.1 (Fredholm) One and only one of the two following cases is true: 


yT AT =0, 
Jy eR’: ixn "xk 
yl b A0 
Ixn 2x1 


Fredholm (1903)’s lemma allows us to conclude what follows. 
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Proposition 4.1 On the financial market (4.2.1)-(4.2.2) there is no arbitrage 
if and only if there exists a vector & € R* such that 


D & = Ut — ri 1. (4.5.1) 


nxk kx1 nxl1 nxl 


The matrix equation (4.5.1) is a linear system of n equations in k unknowns 
which can have: 


1. only one solution (the market is arbitrage free); 
2. infinite solutions (the market is arbitrage free); 
3. no solution (the market is not arbitrage free). 


Since in the real world the financial markets are actually arbitrage free, then we 
never take into account the third case. 

We highlight that Eq. (4.5.1) has (at least) a solution if there exists the so-called 
left inverse of matrix £T. In particular, the matrix £ I is said to be the left inverse 
of XT if 


DET =], 


where Z is the identity matrix. 


Example 4.1 A financial market with one risky asset driven by one risk 
source: 


ds, 

— = utdt + ord W;, 
St 

dG; 


t 


= r 1d t, 
is always arbitrage free since there exists the scalar & which solves 
orét = Ut- rtr. 
Furthermore, &; coincides with the Sharpe ratio. Let us stress that if or = 0 
(i.e. both assets are riskless), then the market is arbitrage free if and only if 


Ut = r; (on the financial market there cannot be more than one risk free 
return). 
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The vector é has a nice economic interpretation. If op measures the risk and 
Ht — ri is the risk premium, then the ratio between us — rr and o is the risk premium 
for any unit of risk: actually, this is the “market price of risk”. If there are k risk 
sources on the financial market, then there must be k prices of risk. Thus, a financial 
market works well (is arbitrage free) if and only if it is able to provide a price for 
any risk source. 


Example 4.2 Let us take into account the following market: 


dS 

L! L myrdt +01,1dWist, 
Sit 
dS 

ot = Moi E o e 
Sot 
dG; 

=r;dt, 
eri 


where there are two risky assets driven by just one risk source dW, +. In this 
case we can check the existence of arbitrage by solving the linear system 


hea Ma 
G= ; 
OM) i; U2,t — ft 

— a a aE 


Da Mir 


This system has a solution if and only if 


Mit —Tt pina m A 
Ol,t OF ft 


i.e. if the Sharpe ratios of the two risky assets coincide. If this is not the case 
then the financial market is not arbitrage free. 


The interpretation of this result is easy: if two assets depend on the same risk 
source, then their market price of risk must be the very same. There exists an actual 
financial market which works in this way: the bond market. If we just neglect the 
credit risk (i.e. we consider bonds issued by the most reliable Government), then the 
bonds are affected just by the interest rate risk. Accordingly, on this market, there 
are many assets, but there is only one source of risk. This means that we expect the 
Sharpe ratios of these bonds to be all the same. 
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Example 4.3 Let us take into account the following market: 


dS, 
ose = pdt + o1 td Wit + 021d W2, 
t 
dG; Fi 
SHG 3 
OIRE 


where there is just one risky asset whose price depends on two risk sources. 
In this case there is no arbitrage if we are able to solve 


Elt <a 
[ous ozs | Ez = i o 
t — 
gI Myr 
F. 


Since this equation has infinite solutions, then the financial market is arbitrage 
free. 


Example 4.4 Let us take into account the following market 


dS, 
5 = ui rdt + 01,1,.dWi t + 01,2,1d W2,1, 

Lt 

dSo 
S t u2 rdt + 02,1, d Wi t + 02,2,1d W2,1, 

i 

dG 

É = ridt, 
G: 


where there are two risky assets driven by two risk sources. There is no 
arbitrage if and only if we are able to solve 


e A Pa boll ke = | 
02,1,t 02,2,t | L E2 U2 — fi 
— mm — m 


XT Wirit 
There exists only one solution to this system if 
01,1,t02,2,t — 01,2,t02,1,t = O. 


In this case we have 


(continued) 
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Example 4.4 (continued) 


=i 
4 P a A k = | 
01 02,1,t 02,2, U2 — ft 
a AA OR EEA 


1 ODD OND Grace T 


ee 01,2,t 02,2,t 
01,1,t02,2,t — O1,2,192,1,t | on 1701.14 = = == 
11,1, Te A 


Remark 4.2 Hereafter, we will always work with an arbitrage free financial 
market. 


4.6 Completeness (and Asset Pricing) 


Definition 4.1 A financial market is said to be complete if and only if any 
asset can be replicated by a suitable portfolio. 


Now, let us assume there is an asset whose price follows 


dF, 
ee = UF rdt + ok, dW,. 
t lxk kxl 


Since the market is arbitrage free, then the drift and diffusion terms of this asset 
must verify the no arbitrage condition (like it happens for any other asset on the 
market): 


On ér = UFt— ft. 
This means that the previous differential equation can be written as 


dF; 


a (r +0}, dt+ of, dW. (4.6.1) 


Ixk kxl 


We can conclude that on an arbitrage free financial market, the expected return 
on any asset is given by the riskless interest rate augmented by the product between 
the diffusion term of the asset and the market price of risk. 


4.6 Completeness (and Asset Pricing) 67 


Proposition 4.2 On an arbitrage free financial market (where 3é, : E] &; = 
[ty — r1), the drift of any asset having diffusion a}, must be r; + OF St. 


In order to replicate asset F;, we must look for a portfolio 6, such that the 
investor’s wealth 


dR, = T "P TyT 
eo (re + OF (a r1)) dt +67 XT dW,, (4.6.2) 
t 


coincides with oe, +. The two stochastic processes (4.6.1) and (4.6.2) are equal if 
both their drift and diffusion terms are equal. Nevertheless, the absence of arbitrage 
allows us to ask just for the diffusion terms to be equal, in fact, if we are able to find 
a portfolio such that 


ol alee (4.6.3) 


Ixn nxk xk 


then Eq. (4.6.1) becomes 


dF; 
F 


re + ok, & dt + o} ,dW; 
-~ <a 
OTET or E 


= (r, + 6) Ef &) dt + 6) £l dW, 


and, because of the no arbitrage condition (i.e. =) Er = ut — ri 1), we finally have 


dF, 
— = (r, + OF (u — 71) dt +07 E7 dW, 


which is exactly the differential equation of wealth R. Accordingly, condition 
(4.6.3) is necessary and sufficient for replicating the asset F;. 


Remark 4.3 Condition (4.6.3) implies that the asset F, and the wealth R; 
behave in the very same way. Nevertheless, it does not guarantee that they 
have the same value. This last condition (i.e. F; = R;) is satisfied by finding 
the amount of riskless asset wg,, which solves 


R, = w6,G; +w] So, = Fy, 


(continued) 


68 


Remark 4.3 (continued) 


Le. 


or, which is the same, 


Greenies 
= WwW =W = =, 
R, G,tŪIt R, tor 4 


F, 
OGI + 671 = i 


t 


1.€. 
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System (4.6.3) has a solution if the matrix £f has a so-called right inverse. In 
particular, we say that X y ı is the right inverse of matrix 5! if 


Srl =i. 


Nevertheless, we recall that we have already assumed that £; has a left inverse 
for the market to be arbitrage free. Accordingly, if we now assume that £} has also 
the right inverse, then we are assuming that it is invertible (in fact a matrix which has 
both the left and the right inverse is invertible). If £] is invertible then Eq. (4.5.1) 


has a unique solution: 


& = poh (ur — r1). 


Proposition 4.3 The financial market is complete if and only if there exists 


only one vector of market price of risk solving Eq. (4.5.1). 


No arbitrage Completeness 


Jé, : DPE = pr — ril Ilé: DPE = mr — rl 
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4.7 Change of Probability and Asset Pricing 


We take back the stochastic differential equation for a generic asset F;: 


= Q + ogg) dt + oļ,dW,, 
t 
which can be written as 


dF, g 
E = ridt + OR, (dt +dwW,;) š 
t 


Girsanov has demonstrated that the term &;dt + dW; is equal to another Wiener 
process under a new probability measure. Thus, under this new measure, the 


expected return on any asset must be equal to the riskless interest rate (this is the 
reason why the new probability is often called “risk neutral probability”). 


Theorem 4.1 (Girsanov) Given the market (4.2.1)—(4.2.2), if there exists a 
vector &, such that 


Elé, = we -rl 
then there exists a probability measure Q; such that 
dWe = &dt +dW,, (4.7.1) 
provided that the so-called Radon—Nikodym derivative 


dQ £ aha El &sds— fi EAW 


4.7.2 
ab, (4.7.2) 


is a martingale (i.e. Er Ea = il). 


A sufficient (but not necessary) condition for (4.7.2) to be a martingale on a given 
horizon T, is the so-called Novikov’s condition 


1 pt gt 
~ 5 sds 
to jet by bs | < œ. 


A demonstration of Theorem 4.1 can be found in Karatzas and Shreve (1991). 
Theorem 4.1 allows us to conclude that if the financial market is arbitrage free (and 
&, is such that the Radon—Nikodym is a martingale), then we can switch from the 
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historical probability P, to another probability Q; under which the expected return 
on any financial asset coincides with the riskless interest rate. This is the reason why 
the new probability Q; is called risk neutral probability. 

Theorem 4.1 is not based on the hypothesis of completeness. In fact, it is 
sufficient that the financial market is arbitrage free. 

Now we take Eq. (4.2.1) and we rewrite it under the new probability by using 
(4.7.1): 


I5 dS, = mdt + DT dW, 
= udt + X] (aw? = gdt) 


= (u: — Elé) dt + Sfaw?. 


Since the market is arbitrage free, then jz; — EI & = r1 (from Eq. (4.5.1)), and 
so 


I7'dS;, = rldt + SJ awe. 


Remark 4.4 Girsanov’s theorem allows us to change the drift of any stochas- 
tic process, while the diffusion cannot be changed. 


The new probability measure Q; allows us to obtain the following result:? 


1 1 1 1 
d| —S,)=d|{—]S —dS, +d | — | d5, 
(z ‘ (=) ge (=) 
eas te? 
0 


E eee ( ldt + Ef aw) 

= Gi’ t G, S \Tt t t 
1 

= Glstidwe. 


If we compute the integral from ¢ to T of both sides we have 


T 1 T] Q 
d| —S, | = —Ispld WS, 
J (+ ) J Gs SAs 7 


S S Ty 
ee J —IsxTdw®, 
Gr Gt t Gs ` i 


2We recall that given dG; = Grr;dt, we have d (+) = -g rdt. 
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whose expected value is 


o[ Sr] _ s 
u | Ge G 

This is the formula of a martingale. This is why Q; is also known as martingale 
equivalent measure (under it, the asset prices are martingales if measured in term 
of the riskless asset, which is accordingly the numéraire of the economy). 


Furthermore, since G; belongs to the information set in t, we can rewrite the 
previous equation as 


G 
Sı = EÈ | Sr ; 


Gr 
<m 
discount factor 


where we have already underlined that oe is the discount factor between ¢ and T. 
This is a fundamental result in asset pricing. 


Theorem 4.2 (Fundamental Theorem of Asset Pricing (I) On an arbi- 
trage free financial market, the price of any asset is given by the expected 
value, under the risk neutral probability, of its future value discounted by the 
riskless interest rate. 


According to Theorem 4.2, the value in ¢ of an asset which pays 1 Euro in T (for 
sure), which is called a zero coupon bond (ZCB), is given by 


G T 
— zQ pete = zQ Si Tudu 
B (t, T) = ES [i x a : |e |. (4.7.3) 


This means that the value of a ZCB is given by the expected value of the discount 
factor (under the risk neutral probability). 

If an asset pays some cash flows ô; at any instant f, and it is sold in T at the 
price Sr (which is unknown in f), its value can be computed as the sum of each cash 
flow which is interpreted as a single asset (the strategy of trading asset cash flows 
independently of the main asset is called “‘stripping”’) as shown in Fig. 4.1. 

Accordingly, the value of a cash flow paying asset is 


T G G 
s=] Pa, | ds +P] | 
' t d "Gs ‘ TGT 
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Fig. 4.1 Expected present value of dividends 


Theorem 4.3 (Fundamental Theorem of Asset Pricing (II)) On an arbi- 
trage free financial market, the value of any asset is given by the expected 
value, under the risk neutral probability, of its future cash flows discounted by 
the riskless interest rate. 


4.8 Bond Pricing: Closed Form and Simulations 


Given the value of a ZCB as in (4.7.3), if we assume that the interest rate r; solves a 
stochastic differential equation like (3.4.1), the expected value in (4.7.3) cannot be 
found in closed form. Nevertheless, it is possible to price a ZCB by simulations (as 
we are about to do in this section). Instead, if r; follows a process like (3.4.1) with 
either y = 0 or y = 5; then a closed form for (4.7.3) exists. More generally, let us 
take the following differential equation 


dry = (arı +bp)dt +y fi + gridW,, 


with the market price of risk that takes the form 


& = bv ft + grt, 
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so that the differential dr; does not change its statistical properties under the risk 
neutral probability Q: 


dr, = (ar, + bò) dt + J/fi + an (aw? = Edt) 


(a — p8)ri + bi — of; | dt + Sfi + grd WÈ. 
— a 


—— 
aQ bÊ 


Remark 4.5 This model coincides with Vasiček (1977) if g = 0 and with Cox 
et al. (1985) if f = 0. 


This particular setting allows a closed form solution for the value of a ZCB. 


Proposition 4.4 Let us assume that, under the risk neutral probability Q, the 
interest rate r; follows the process 


dr; = (a?r, + be) dt + Vf + gnaw, 
then the price of a ZCB is given by 
B G, T) = BÈ [e K redu] = eraten-crnn 
where 


k= (a2)? 4p A, 


1 — e-k(T-t) 


CL) = 2a 
a k — a + (k + aQ) eT =9 


T 
A(t,T) = / (c (s, T) bÈ = =e (s, T)? fr) ds. 
is 
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Proof. Let us assume that B (t, T) can actually be written in the form 


B (t, T) =e AGD-CODr 
where the functions A (t, T) and C (t, T) must satisfy 
IN (GE, IP) S CCE ESN; 


since the value of a ZCB at the expiration is always equal to its face value 1 
(without any credit risk). 

Under the probability Q, we know that the expected return on B (t, T) 
must be r; and, accordingly, through Itô’s lemma, we can write 


PEE ce nt) a 
= m8 ’ 
' BCD +C (t, T)? (ft + gr) 


which can be split into two ordinary differential equations for the functions 
A(t, T) and C (t, T)as follows: 


0 = BED + CT) bP = 4C ETP fi, 
O=r (EGP +14a2CO,7)-38C@TY). 


The value of C (t, T) is obtained from the second differential equation, 
which is a Riccati differential equation with constant coefficients (the case 
with constant coefficients is the only one which allows for a closed form 
solution). The unique solution of this equation, with boundary condition 
C (T, T) = 0, is 

eas 


C bi E= De a 
ee. k — aQ + (k + aQ) eT -) 


where k = y (a)? + 2g. After computing C (t, T), the value of A (t, T) is 
obtained by integrating the first equation of the previous system (and recalling 
the boundary condition A (T, T) = 0): 


T 
A(t, T) a (c (s, T) be — 5c T)? s) ds. 
t 
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The R code which allows to compute this value of a ZCB can be written as 
follows, where we create some functions nested inside another function. 


ZCB.affine = function(a, b; f, g, r0, T, t) { 

C = function(s) { 
k = sqrt(a^2 + 2 * g) 
2* (1 - exp(-k * (T - s)))/(kK - a+ (k + a) * 

exp(-k * (T - s))) 

} 

integrand = function(s) { 
C(s) * b - 0.5 * C(s)72 * f 

} 

exp(-integrate(integrand, lower = t, upper = T)$value - 
C(t) * r0) 


The command “integrate” contains three mandatory options: the integrand 
function, the lower boundary, and the upper boundary of integration. The output of 
this command contains five elements, but here we are just interested in the “value” 
output (i.e. the numerical value of the integral). 

We can use this function for computing the value of a ZCB in a numerical 
example with values of parameters taken from an estimation of the CIR case (i.e. 
f = 0). If we assume that the initial value of the interest rate is equal to its 
equilibrium value (i.e. ae then we can check that the ZCB is not much different 
from that obtained by using a constant interest rate. 


ZCB.affine(a = a_C, b = b_C, f = 0, g = sigma_C72, 
ro = b-C/abs(a_ ©), T =-5,. t= 0) 


## [1] 0.7807778 
exp(-b_C/abs(a_C) * 5) 


## [1] 0.7791814 


When a closed form solution is not available, we can price this asset through 
simulations. Thus, we can use the R function CKLS already created in the previous 
chapter and simulate a sufficiently high number of paths for the interest rate. Finally, 
the mean of the ZCB computed for each path will approximate the true value of the 
ZCB. 

In the following code we replace the exponential of the integral of the interest 
rates with the sum of the interest rates weighted by dt. The command “apply” 
contains three arguments: (1) the array which is the base of the computations, (2) the 
dimension of the array that we want to work on (1 stands for rows, and 2 stands for 
columns), and (3) the function that we want to apply to the array. In this particular 
case we want to compute the sum through the columns on the array x. 
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CKLS.ZCB = function(a = 0, b = 0, sigma = 1, g = 0, 
xO = 1, dt = 1/250, T=1, N=1){ 
x = array(0, dim = c(T/dt, N)) 
x[1, ] = rep(x0, N) 
for (i in 2:(T/dt)) { 
dx = (a * x[i - 1, ] + b) * dt + sigma * x[i - 
1, ]*g * rnorm(N) * sqrt(dt) 
x[i, ] = x[i - 1, ] + dx 
} 
mean(exp(-apply(x, 2, sum) * dt)) 
} 
CKLS.ZCB(a = a_C, b = b_C, sigma = sigma_C72, g = 0.5, 
x0 = b_C/abs(a_C), T = 5, N = 10000) 


## [1] 0.7791784 


Performing the same procedure many times will always give (not too) different 
values, which are all also different from the true value. While the number of simu- 
lations increases, the precision of the simulated result increases too. Unfortunately, 
the rate of this increment is quite slow because of the high variance of the results. 
There are some so-called “variance reduction techniques” that allow to reduce this 
variance (the interested reader is referred to Iacus 2009, Section 1.4). 


4.9 The Switch Between Probabilities 


Since P, and Q; are probabilities, then their differentials (dP; and dQ,) coincide 
with density functions. Thus, it should be clear that 


ie [Xs] = Í XsdQs = [ Xs dP, dP; 
0 0 


where oe is the Radon—Nikodym derivative (4.7.2), and Qo is the domain of the 


stochastic variable X at time fo. 

Thus, we can always switch from an expected value under Q; to an expected 
value under the historical probability P, and vice versa. 

From Girsanov theorem we know that 


T 
dQ: _ oot So ET Eds -f BTA Ws 


dP, := My,t, (4.9.1) 
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and by using Itô’s lemma we can write 


d 
Tot L ET We. (4.9.2) 


Mto,t 


Accordingly, the value of any asset can be written as 


T 
So = ie [sre | , 


or, alternatively, 


T 
rsds 


Sto = Sto [srne | 


LT et Tet _ fT 
-En [sre 3 So &TEds— fg ETW oo e 


Because of the role played by the martingale mọ,r in asset pricing, it is 
sometimes called “price kernel”. 

Thus, we can conclude that the value of an asset can also be computed under the 
historical probability but the discount factor must be stochastic: 


[T LET PTET 
TEME Ip (rsh ts)ds- Jy elas 
S mms 


Stochastic Discount Factor (SDF) 


Since the SDF between time fg and time to is of course equal to 1, then we can 
write 


Sn SD Fig,t9 = En [SrSDFo,r], 


i.e. under the historical probability the asset prices are martingales if they are 
discounted by the stochastic discount factor. 

Another probability that is very useful in the financial applications allows to split 
the expected value of a product into the product of two expected values. Let us take 
again the result of the fundamental theorem of asset pricing: 


T 
Sig = 5 [sre = i 
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We can write this equation under the form of the integral of the function weighted 
by the density dQ;: 


F 
Sip = f Sre Qr. 
Qo 
Inside the integral we can multiply and divide by the same quantity, equal to the 


price of a ZCB: 
de 
hd [e Jo a 


T 
7 rudu 
i [e fo i | 


Sine the price of a ZCB is known at time fo, it can be collected outside the 
integral: 


dQr. 


T 
— rudu 
Sig =f Sre Ha 
Qo 


JT E e7 Po rudu 
Si Z P E to Tu ‘ f Sr —=— n dQr. 
% p [e ie cal 


Now, we can check that the term we have called dF 7 is a positive martingale. 
The exponential function is always positive and so its expected value. Furthermore, 
since dQr is a density function, it is always positive too. Finally, the expected value 
of dF r under Q is 


= 
= 


T P 
ls rudu o e7 To rudu 
—r ~ dQr = it a ay 7 =d. 
Qo i [e Jo | in [e Jo a 


Any stochastic variable which is always positive and whose integral on the 
domain is 1, can be interpreted as a density function. Furthermore, since dF ry is 
a density function, then F 7 is a probability: 


T 
Sig = he [e Sig oe f SrdFr = B (to, T) 7 [Sr]. 
Qo 


Finally, since the value of a ZCB at expiration is always 1 (if we neglect the credit 
risk), then we can write 


Sto _ pF Sr 
B (to, T) ©| B(T,T)|- 
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This result allows us to conclude that the asset prices are martingales under the 
new Fp probability if the numéraire of the economy is the ZCB. 


4.10 Change of Numéraire 


Let us assume on the market there are two assets: 


ds 
—! =rdt+oTdWe, 
Sr 
dN, 
ae rdt + ofdWwe, 
N; 


and the second one is used like a numéraire on the market. Now, we want to check 
whether there exists another probability (that we call N) under which the ration 
S;/N; is a martingale. In other words, we want to check the existence of N such that 


5, _ gx Sr 
NH, ! Nr |` 


If we use It6’s lemma on the ratio between S, and N;, we have 


St 
d(x) 
St 
Nr 


= (oy — a)" ondt — (oy — 0)! dwe. 


Now, through Girsanov Theorem 4.1, we can change the probability Q to the 
probability N as follows 


dWe = vdt+awn, 


and, thus 
(# 
NM; 
——+ = (oy — 0)! (on — v) dt — (oy — 0) dW, 


We know that any martingale can be written as a stochastic process with zero 
drift. Thus, we can conclude that the new probability N exists if 


v=OoOn, 


ad if v satisfies the Novikov’s condition. 
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We can conclude that the price of any asset can be written as a martingale 
under a new probability if it is divided by the price of another asset which is used 
as numéraire. The difference between the Wiener process under the risk neutral 
probability and the new probability is given by the volatility of the numéraire. 


4.11 Assets with Coupons/Dividends 


If a financial asset instantaneously pays coupons/dividends ô; (in monetary units), 
then the fundamental asset pricing theorem must be interpreted in the following 
way: under the probability Q,, the “total” expected return on the asset must equate 
the riskless interest rate r;. In this case, the total return is the sum of the capital 


return (St) and the coupon/dividend return (td t). Thus, we can write 


dS, 8 
<4 at = rdt +o dwe, 
S S 


which becomes 


an a (r = ~) dt + of dwe. 


t 


This means that an asset which pays coupons/dividends has a growth rate lower 
than that of an asset which does not pay any cash flow. In fact, on financial markets 
we notice that the prices of stocks suddenly fall when dividends are paid. 


Example 4.5 Let us take into account the simplest case: everything is deter- 
ministic (coupons/dividends and interest rate). The value of an asset paying 
cash flows ô; from ź to T is given by 


T S 
V; = f Sen rudu gy 
t 
Now, if we differentiate with respect to time we have 


r S 
dV, = (- + nf SeT h a) dt, 
t 


which can be written as 


(continued) 
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Example 4.5 (continued) 


dV; ô 
ce ee dt, 
V; V; 


which is, of course, the result we were looking for. 


According to the result of the example, if the value of a bond is given by 


T 
Q G; G; 

Vi7 =E [i sass Se, 
l "Lh "Gs Gr 


then the expected value of its differential is 


na [d V, r] = (Vi rri = 51) dt. 
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If the coupons are deterministic then the value of V;,7 can be simplified as 


follows 


T 
who aNG 
ve f 3ER E ds + E =| 


T 
= f ôsB (t,s)ds + B (t, T). 
t 


Once the values of all the ZCB’s are known, the asset price V;,7 can be easily 


computed. 


Example 4.6 An interesting case is that of a perfectly indexed bond whose 
coupon is equal to the riskless interest rate: 


T 
p / G; S 
Vi7 =E Aas a S= |. 
GE t | E Gr 


dGs 
Gs 


Now we recall that 


=rsds, 


and so we can substitute r;ds in the integral with its corresponding value: 


(continued) 
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Example 4.6 (continued) 


T 
G; dG G 
Vay = EL I t S + t 
t 


The result of this example shows that a perfectly indexed bond must always be 
listed at par. We will use this result later for showing some interesting case about 
the pricing of assets whose cash flows are subject to credit risk. 
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Chapter 5 ® 
The Actuarial Framework heal for 


5.1 Introduction 


In this chapter we show how to use the stochastic tools developed in the previous 
chapters for measuring the actuarial risk. The main measure that we deal with is 
the force of mortality. There exist a lot of deterministic models for this particular 
variable, and after summarising that models, in this chapter we show how to create 
a stochastic version of them. For this purpose, we use a particular version of the 
stochastic variables described in the previous chapter. In fact, the force of mortality 
must diverge over time, since the survival probability must converge towards zero 
while the agent grows older and older. Nevertheless, we use a mean reverting 
process since we assume that the force of mortality will stay close to one of its 
deterministic models. To this purpose, we show a mean reverting process that has a 
time varying (divergent) equilibrium value and we will show how to calibrate this 
model to the US actuarial data. 


5.2 Actuarial Measures 


Let us call 2, the density function of the death time t (which can also be interpreted 
as the “default time” for a firm) whose domain is assumed to be [0, w]. The results 
obtained in this framework are still valid if @ — oo. The density function is non 
negative, and its integral on the whole domain must be 


w 
f tds = 1. 
0 
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Remark 5.1 We can define a similar and equivalent framework where, instead 
of measuring the death time t, we measure the death age of the agent. So, if 
w is the maximum length of human life, and ı is the current age of the agent, 
then the previous integral should be written as 


(+@ 
i iC Saale 
l 


and if we define the new variable t = s — 1, the integral becomes 


w 
l Tı+tdt = il. 
0 


Thus, the density function x, will also depend on the age z of the agent. 


The probability to die (or to go bankrupt) between time 0 and time ¢ is given by 


t 
(go) = f sds, 
0 


while the probability to survive from time 0 to time f is of course given by 


t 
(po) = 1- f sds. 
0 
If we differentiate this equation we have 
d (po) = —mdt, 
with the natural boundary condition (gpg) = 1, i.e. the probability to be alive at 
time 0 given that we are alive at the same time is, of course, 1. 


The previous differential equation can be written as 


d (Po) _ m 
(po) (po) 


dt, (5.2.1) 


where 


Tt E Tt ‘ 
(Po) 1— fj sds ` 


=n (5.2.2) 


is called hazard rate, but it takes many other names according to the field where it 
is applied. 
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If 7; is the density of mortality, then A; is called force of mortality, while in the 
literature about the credit risk, this same measure is called default intensity. Since 
both the numerator and the denominator of this ratio are positive then A; is positive 
for any t. 

The survival probability between time 0 and time f can be obtained as a function 
of A; by solving (5.2.1) with its boundary condition: 


d (Po) _ —h,dt, (po) = 1, 
Gpo) 


which gives 
(10) =a a, 


Bayes formula for computing conditional probability 


P(B|A)P (A 
pag) = ae. 


allows us to write 


P(t >ti >T)P(t >T) 


P(t >T|r >t)= PRD 


’ 


where P (t > T|t > t) is the probability to be alive at time T given that one is alive 
at time f (with T > t). We can also write it as (7_; pt). The probability of being alive 
at time ¢ given that we are alive at time T is, of course 1 (i.e. P (t > t|t > T) = 1). 
Then, since we have 


P(t > T) = (rpo), 


we can finally write 


P(t >T|t>nHh= (rpo) 
(po) 
and 
af Asds T 
(T-t pi) = (T po) = e 0 E e`di àsds (5.2.3) 


(Po) e7 fo >sds 


It is worth noting the analogy between 7; and À; and between the vale of a zero 
coupon B (t, T) and the value of the survival probability (7_; pt). This analogy is 
confirmed even in a stochastic environment as we are about to show in the next 
section. 
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5.3 Double Stochastic Force of Mortality and Asset Pricing 


The death time t is a stochastic variable. Nevertheless, in the previous section we 
have assumed that both à; and z; are deterministic. A more realistic assumption is 
that A; (or 7) is stochastic itself (this is the so-called double stochastic model). In 
this case, Eq. (5.2.3) is valid only as an expected value: 


(7-1 Pt) = E; [e dai (5.3.1) 


where the expected value is computed under the historical probability. 


Remark 5.2 When 2, is stochastic, the so-called longevity risk can be taken 
into account. In fact, the longevity risk can be defined as the unforeseen 
change in the force of mortality. Accordingly, if 4; is deterministic, there is 
no longevity risk. In fact, in this case, even after many years, we are assuming 
that the mortality law remains unchanged. 


The analogy between the survival probability in (5.3.1) and the value of a zero 
coupon bond in (4.7.3) is apparent and it is summarised in Table 5.1. 

Since A; plays exactly the same role as an interest rate, it is often modelled by 
using the same stochastic processes used for 7; like (3.4.1). 


Remark 5.3 The advantage of modelling the force of mortality instead of the 
time T, is that A; is defined by itself and is no more linked with t. 


Let us assume that we have to evaluate an insurance contract (on the financial 
market) which pays a given amount of money ô; at any instant in time until the 
death age t (i.e. an annuity). Such a pricing exercise is used, for instance, when we 
want to trade the insurance contract on the financial market. Under the hypothesis 


Table 5.1 Comparison between the value of a zero-coupon bond and the survival probability 


Financial framework Actuarial framework 
dG, — apo) _ 
G ridt (:Po) Ardt 
t t 
G: = Goeh rudu Gpo) = el Aydu 


BUT) =p [et] (ripi) = Ey [ew Fr te] 
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that the agent is still alive, the value of the annuity at time t is given by 


T S 
Ai = EG p bse7 l: nivas) 
t 


where the expected value must be jointly computed with respect to both the financial 
risk (represented by the probability Q) and the actuarial risk (represented by the 
death time t). These two risks generate two different filtrations (o —algebras): the 
financial o —algebra (F+) is generated by the Wiener processes (which describe the 
risk sources on the financial market), while the actuarial o —algebra (G;) is generated 
by the stochastic variable t. Then, the conditional expected value could be written 
as 


IOT [e] = ES" [e] F; A Gi]. 


The two subscripts in the expected value on the left hand side indicate the 
information sets. 

The integral in A;,; can be simplified by using an indicator function Ie whose 
value is | if the event € happens and 0 otherwise: 


_ J1 ife happens, 
‘ O otherwise. 


The value of Aj; can accordingly be written as 


a S 
Alt a ek |f Isarôse aa F 
t 


where we recall that w is the right bound of human life domain (many models 
assume w — 00). 

In order to simplify the computations we now use the rule of iterated expected 
values (the so-called tower rule for expected values) 


ay [EF [el] = X [e], VT >t 


and we write (this trick has been firstly introduced by Lando 1998) 


Ais = ER | wA p baar t ntas|| 
t 


where the inner expected value is computed with respect to the financial information 
available at time œ (i.e. under the filtration Fe). Now, since all the financial variables 
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between źt and w are perfectly known in œ, then we can collect all the financial 
variables outside the inner expected value 


w S 
Alr = i p i [s<] bse: fan f 
t 


and since the expected value of the indicator function of an event is the probability 
of the event, we can write 


w 
t 


Finally, we use again the iterated expected value (but the other way round) for 
eliminating the inner expected value: 


Alt = z | 


oO 
/ been a ia) , (5.3.2) 


t 


where we can forget about the actuarial information set (generated by t) since A, 
does not explicitly depend on T. 

The value of A4 ; can then be interpreted as the value of a bond whose coupons 
are discounted by the riskless interest rate augmented by the force of mortality. 


Remark 5.4 For the sake of simplicity, it is quite common to assume that 
A; is independent of any other stochastic variable. Under this assumption, 
Eq. (5.3.2) can be significantly simplified as follows: 


w 
Ait = i D |8se= a he [e J e] ds 
t 


w S 
= f pl [de ! a] (= pe) ds, 
t 


where we see that the value of the asset A1,; is the sum (the integral) of all the 
expected discounted future cash flows, weighted by the probability that the 
reference agent is still alive at any coupon maturity date. 


Now, we take into account the case of an insurance contract paying 1 monetary 
unit at the death time of an agent. Its value can be written as 


Hise Qt [e de mae : 


5.4 Annuities in the Gompertz Framework 89 
Here, we can use the same trick previously presented and write 
Ar, = ER [BRE [en mde] 


Now, we can compute the inner expected value just with respect to the stochastic 
variable t (which is the only stochastic variable in the inner expected value since 
the whole path of r; is known at time @): 


w S 
Art = GT | zQ | nei rtas] 
t 
t 


and by using (5.2.2) 


a) 
A21 = zQ p heel netan] i (5.3.3) 
t 


In this case, we see that an asset paying only one cash flow at a stochastic time 
(like the death time of an agent) is priced like an asset paying coupons given by the 
original cash flow weighted by the death intensity Àz. 


5.4 Annuities in the Gompertz Framework 


In the actuarial literature one of the most general function form for the force of 
mortality is shown in Perks (1932): 


eg te ef2ltt) 
jpa a ae (5.4.1) 
1 + e3e824+) 
for some constant parameters £;, i € {0, 1, 2, 3}, and where ı is the age of the agent. 
The probability to survive from time t (i.e. from age ı + t) for T — t periods is 


EQEZ—E 


1 
me e £0(T—1) (- + | £283 l 
1 + £3e£20+t) 
where we see that the parameter £ọ measures the age independent component of the 
survival probability, for instance the mortality due to accidents. 
Most of the functions used in the actuarial literature are just particular cases of 
(5.4.1) as summarised in Table 5.2. 
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Table 5.2 Some models for the force of mortality used in the actuarial literature, as particular 
cases of (5.4.1) 


Author (model) Force of mortality À; Parameters in (5.4.1) 
Exponential oo £0 é5 =63 =0 
Gompertz (1825) ee2ty ceo = 63 =0 
Makeham (1890) £o + gje®2 Ct) 63 =0 
; FD 
Kannisto tao £0 = 0, £1 = & 
ene] ef2t) 
Makeham-Perks Tne eR €) = &3 
F frit) 
Beard (1959) Tape £0 = 0, £3 = pel 
eg te ef2)) _ 
Makehma-Beard Tr peje £3 = Pe} 


The Gompertz-Makeham (Gompertz 1825) mortality is able to describe the 
human mortality in a sufficiently accurate way and, furthermore, it allows for some 
interesting closed form solutions of many actuarial measures. Thus, we have chosen 
to use it in our work. Of course all the main results remain valid for any other 
functional form chosen for the force of mortality. 

The Gompertz-Makeham mortality that we use has the following form: 


it+t—m 


1 
Àt = O + p?” (5.4.2) 


where ¢ is a positive constant measuring accidental deaths linked to non-age factors, 
while m and b are modal and scaling parameters of the distribution, respectively. 
Function (5.4.2) is defined for w — oo. When either b or m tend to infinity we 
obtain a constant force of mortality (given by @) and, accordingly, an exponential 
distribution function. 

Function (5.4.2) is able to describe the actual survival probability in a quite 
precise way (except for child mortality). In particular, in the so-called “pure 
Gompertz” case (with ¢ = 0) some calibrations lead to the following values for 
the parameters: m is 88.18 for male and 92.63 for female, and b is 10.5 for male 
and 8.78 for females (see, for instance, Milevsky (2006)). In the following sections 
we will present how to estimate the parameters of (5.4.2) from an online human 
mortality database. 

The exponential of the force of mortality, in this case, is given by 


-fT audu pa (1-7) 

ed ae e (5.4.3) 
oT- -e (<-1) 

=e 


’ 
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which coincides with the survival probability for T — t periods starting at the age 
of ı + t. A function which computes the survival probability in this setting can be 
written in R as follows. 


GMprob = function(age, t, T, phi, m, b) { 
exp(-phi * (T - t) - exp((age - m + T)/b) * (1 - 
exp(-(T - t)/b))) 


We use this function to plot the survival probability for different initial ages as in 
Fig. 5.1 for both males (continuous line) and female (dashed line). 

Let us assume we have to evaluate an annuity which pays 1dt monetary units at 
each instant in time until the death of an agent under the hypotheses that: (1) the 
riskless interest rate is constant, and (2) the force of mortality follows (5.4.2). Thus, 
we have to solve the following integral (recall (5.3.2)): 


t=m+t sot 
CO —¢(s—t)—e b (<-1) 
f e eT SDs, 
t 


1.0 


— males 
- females 
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Survival prob. 
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age 


years = seq(0, 90, by = 0.5) 
plot(25 + years, GMprob(age = 25, t = 0, T = years, 
phi = 0, m = 88.18, b = 10.5), type = "1", ylab = "Survival prob.", 
xlab = "age") 
lines(25 + years, GMprob(age = 25, t = 0, T = years, 
phi = 0, m = 92.63, b = 8.78), type = "1", lty = 2) 
grid() 
legend("topright", c("males", "females"), lty = c(1, 
2), bty = "n") 


Fig. 5.1 Survival probability for males (continuous line) and females (dashed line) aged 25 
(according to the pure Gompertz survival function) 
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Before solving it algebraically, we can use R to compute it numerically through 
the code that follows, where the command “integrate” is used. This command 
takes at least three input: (1) the integrand function, defined as an R function, 
(2) the lower limit, and (3) the upper limit of the integration. The output of the 
“integrate” command also shows the “absolute error”, which is a measure of 
the goodness of the result. Here, in order to have the numerical value of the integral 
as the only output, we use the code “$value”. 


GMannuity = function(age, t, phi, m, b, r) { 
integrand = function(s) { 
exp(-phi * (s - t) - exp((age - m+ t)/b) * 
(exp((s - t)/b) - 1)) * exp(-r * (s - t)) 


} 
integrate(integrand, t, Inf)$value 
} 
GMannuity(age = 25, t = 0, phi = 0, m = 88.18, b = 10.5, 


r = 0.05) 
## [1] 18.51519 


GMannuity(age = 25, t = 0, phi = 0, m = 92.63, b = 8.78, 
r = 0.05) 


## [1] 18.93728 


The previous integral can also be solved algebraically as shown in the following 
proposition. 


Proposition 5.1 Jf the force of mortality follows Eq. (5.4.2) and the riskless 
interest rate is constant, then the value of a life annuity is 


t=m+t s=t 
CoO — apjeg E leb = 
Í T ( I) a 
t 


i+t—m 


SE 8 A aeavae o )e 


where 


(oe) 


lO, 2) = i epi ldt, 
X: 


2 


is the so-called incomplete gamma function. 
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Proof. Let us make the following variable substitution: 


t=m+s 


z=e b} &s=m—-i+bIinz, 


z b 
de S —ds <> ds = —dz, 
b Z 


and so the integral can be written as 


t=m+t 
= sie ae b-1 
be~ @tr)im—i-t) +e “nay CE Ot- ge, 
e b 
where the incomplete Gamma function can be immediately seen. o 


Now, we can use R to compute the value of the same annuity as before, but 
this time we use the incomplete gamma function which can be found in the “gls” 
package. 


install.packages(’gsl’) 


Remark 5.5 For Linux users, the installation of this package on R needs the 
package libgsl-dev to be installed on Linux. 


Finally, we compare this value with the one obtained through the “integrate” 
command (in order to do so we just take the “value” of the “integrate” output). The 
difference between the two values is small indeed. 


library (gs1) 
age = 25 
t=0 

phi = 0 

m = 88.18 

b = 10.5 
r= 005 


annuity = b * exp(-(phi + r) * (m - age - t) + exp((age + 
t - m)/b)) * gamma_inc(-(phi + r) * b, exp((age + 
t - m)/b)) 

annuity - GMannuity(age = 25, t = 0, phi = 0, m = 88.18, 
b = 10.5, r = 0.05) 


## [1] -8.668621e-13 
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The value of the annuity is decreasing over time, since the older the agent the 
lower the expected number of instalments he/she is about to receive. Figure 5.2 
shows how the value of the annuity depends on the initial age of the agent (fo) 
and on sex. Since females live longer than males, the value of their annuities is of 
course higher. In the code, note that the arguments of the function “GMannuity” 
different from the initial age are listed outside the function itself (as arguments of 
the command “sapply’). 


5.5 The Human Mortality Database 


An important database for human mortality in many countries (HMD) can be found 
at www.mortality.org where a free registration is needed for downloading the life 
tables. A direct link between R and this database is provided by a package called 


15 
i 


Value of an annuity 
10 


40 60 80 100 


age 


years = seq(0, 90, by = 0.5) 

plot(25 + years, sapply(years, GMannuity, age = 25, 
phi = 0, m = 88.18, b = 10.5, r = 0.05), type = "1", 
xlab = "age", ylab = "Value of an annuity") 

lines(25 + years, sapply(years, GMannuity, age = 25, 
phi = 0, m = 92.63, b = 8.78, r = 0.05), type = "1", 


lty = 2) 

grid() 

legend("topright", c("males", "females"), lty = c(1, 
2), bty = "n" 


Fig. 5.2 Value of an annuity instantaneously paying ldt Euros for males (continuous line) and 
females (dashed line) at different ages (according to the pure Gompertz survival function) 
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“demography”, that can be installed through the following command: 


install.packages(’demography’) 


Remark 5.6 Linux users who have troubles in installing this package, can 
try to install on their system the package “libcurl4-gnutls-dev” (through the 
command “sudo apt-get install”). 


The life table for any available country can be obtained by the command 
“hmd . mx” whose arguments are: (1) the code of the country, (2) the user name, and 
(3) the password chosen for signing up. The following commands allow to upload 
the library in the package “demography” for the USA data on males and females 
for the cohort of those who are aged 25. 


library (demography) 

tableUSA = hmd.mx("USA", "francesco.menoncin@unibs.it", 
"12345678") 

age = 25 

USAlife_M = lifetable(tableUSA, type = "cohort", series = "male", 
age = age) 

USAlife_F = lifetable(tableUSA, type = "cohort", series = "female", 
age = age) 

N = length(USAlife_M$mx[, 1]) 


Furthermore, we can use and plot the number of males and females survived 
at any age (whose initial value is normalised to 1) as in Fig.5.3. It is evident that 
females live longer, since they clearly have a higher survival probability for any age. 

The force of mortality for US males and females aged 25 in 1933 can be shown as 
in Fig. 5.4, where we see that between 25 and 28 the force of mortality is increasing, 
then it decreases until 30 and, finally, it starts increasing again. This behaviour is due 
to the high mortality of young males because of accidents and, in general, non-life 
related events. 

Again the difference between the sexes is apparent: the force of mortality of 
females (dashed line) is much lower than that of males. This difference were 
already implied in the previous figure, and this is just a confirmation of the same 
phenomenon. 
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matplot(seq(age, age + N - 1), cbind(USAlife_M$1x[, 
1], USAlife_F$1x[, 1]), type = "1", xlab = "age", 


ylab = '"", lty = c(41, 2), col = c(1, 1)) 

grid() 

legend("topright", c("males", "females"), lty = c(1, 
2), bty = "n" 


Fig. 5.3 Number of US males and females (dashed), aged 25 in 1933, who survived at any age 
[Source: www.mortality.org] 


5.6 Estimation of the Gompertz Deterministic Model 


We can use the non-linear least square estimator for fitting the parameters of the 
Gompertz-Makeham mortality (5.4.2) on the data of the HMD. The equation to 
estimate is 


he = ay + ane + Er, 


where A; is the time series of the force of mortality and ¢; is the error term (white 
noise). Once a1, a2 and a3 are estimated, the values of the parameters in (5.4.2) are 
obtained as 


g=a, b = —, m = ı — bln (ba2). 
a3 
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matplot(seq(age, age + 20 - 1), cbind(USAlife_M$mx[1:20, 
1], USAlife_F$mx[1:20, 1]), type = "1", ylab = "", 
xlab = "age", lty = c(1, 2), col = c(1, 1)) 

grid() 

legend("topleft", c("males", "females"), lty = c(1, 
2), bty = "n") 


Fig. 5.4 Force of mortality of US males and females (dashed), aged 25 in 1933 [Source: www. 
mortality.org] 


The same procedure must be performed for both males and females. Since the 
data that have been downloaded correspond to a cohort of agents whose initial age 
is 25, then in the following command we set 1 = 25. The command in R for the 
non-linear least square is “n1s’’, that can be used as follows. 


phi_GM = c(NA, NA) 
b_GM = c(NA, NA) 
m_GM = c(NA, NA) 
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lambda_M = USAlife_M$mx[, 1] 

lambda_F = USAlife_F$mx[, 1] 

fit_M = nls(lambda_M ~ al + a2 * exp(a3 * seq(0, N - 
1)), start = list(al = 0.1, a2 = 0.1, a3 = 0.1)) 

summary (fit_M) 


## 

## Formula: lambda_M ~ al + a2 * exp(a3 * seq(0, N - 1)) 

## 

## Parameters: 

Ht Estimate Std. Error t value Pr(>|tl) 

## al 4.196e-03 9.556e-04 4.391 3.75¢e-05 *** 

## a2 7.681e-04 5.336e-05 14.395 < 2e-16 *** 

## a3 8.634e-02 9.599e-04 89.945 < 2e-16 *** 

## --- 

## Signif. codes: O '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 
## 

## Residual standard error: 0.005288 on 73 degrees of freedom 
## 

## Number of iterations to convergence: 6 

## Achieved convergence tolerance: 4.288e-07 


phi_GM[1] = coef(fit_M)[1] 

b_GM[1] = 1/coef(f£it_M) [3] 

m_GM[1] = age - b_GM[1] * log(b_GM[1] * coef (fit_M) [2]) 
c(phi_GM[1], b_GM[1], m_GM[1]) 


## [1] 0.004195854 11.581891066 79.692121111 


fit_F = nls(lambda_F ~ al + a2 * exp(a3 * seq(0, N - 
1)), start = list(al = 0.1, a2 = 0.1, a3 = 0.1)) 
summary (fit_F) 


## 

## Formula: lambda_F ~ al + a2 * exp(a3 * seq(0, N - 1)) 

at 

## Parameters: 

## Estimate Std. Error t value Pr(>|tl) 

## al 2.790e-03 9.231e-04 3.022 0.00346 ** 

## a2 1.818e-04 1.907e-05 9.531 1.9e-14 *** 

## a3 1.036e-01 1.449e-03 71.527 < 2e-16 *** 

## --- 

## Signif. codes: O '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 
## 

## Residual standard error: 0.005662 on 73 degrees of freedom 
## 
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## Number of iterations to convergence: 5 
## Achieved convergence tolerance: 9.516e-07 


phi_GM[2] = coef (fit_F) [1] 

b_GM[2] = 1/coef (fit_F) [3] 

m_GM[2] = age - b_GM[2] * log(b_GM[2] * coef (fit_F) [2]) 
c(phi_GM[2], b_GM[2], m_GM[2]) 


## [1] 0.002790043 9.651150629 86.243866299 


The interpolation looks very good as witnessed by the p-values of the estimated 
parameters. Furthermore, the values estimated for the parameters are in line with 
the main findings in this field (see, for instance, Milevsky 2006). 

In Fig. 5.5 the comparison between the data and the fitted curve is presented. 


_| — males 
— females 


0.5 


0.4 


0.1 


0.0 
ll 


40 60 80 100 


age 


matplot(seq(age, age + N - 1), cbind(lambda_M, lambda F), 
type = "1", ylab = "", xlab = "age", col = c("blue", 
"red"), lty = 1) 
grid() 
matlines(seq(age, age + N - 1), cbind(predict(fit_M, 
list(x = seq(age, age + N - 1))), predict(fit_F, 
list(x = seq(age, age + N - 1)))), col = c("blue", 
"red"), lty = 3) 
legend("topleft", legend = c("males", "females"), col = c("blue", 
"red"), lty = 1, bty = "n") 


Fig. 5.5 Comparison between the force of mortality of US males (blue) and females (red), aged 
25 in 1933, and the interpolated Gompertz-Makeham model (dotted) [Source: www.mortality.org] 
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5.7 A Stochastic Model for the Force of Mortality 


The (instantaneous) force of mortality 4; is assumed to solve a stochastic differential 
equation of the form we have used for all the other state variables. Nevertheless, in 
this case, a process which reverts to a constant mean is not suitable. For showing 
that, let us take into account a constant force of mortality à. In this case the 
probability to survive for t periods, from tọ to t — fo is 


to +t 
— Ads —ìÀt 
(1 Pio) =e t =e f 


that is the probability to survive for a given length of time is independent of the 
present time and, thus, of the agent’s age. This is not reasonable for agents whose 
survival probability for the same length should decrease with their age. In other 
words, the force of mortality should be increasing over time (on average) and 
diverge for t —> oo. This is, for instance, the case of the Gompertz force of mortality. 
Here, we show a stochastic model that actually reverts towards a mean y (f) 
which is a function of time. To this purpose, we propose the following model 


1a 
dhy =a -L ty- dt + b(t, A) dW;. (5.7.1) 
elie eee 


Br 
If It6’s lemma is applied to the process Y; := 4,e%“—, we obtain 
AY, = (ade + axe!) (B, — MY) dt + eG C, AW, 
= ge”) bdt +e“ (t, A) dW,, 


whose expected value is 


Zn [dY] = ae% B,dt, 


and, after integrating, 


t 
Sto [Yr] = Yn +f ae” B ds, 


to 


or, 


t 
yA pt] = àn +f ae” B ds. 


to 
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Now, because of the form of the function f, the integral in the right had side can 
be simplified as follows: 


i 0 
ito [arere = Àn +f e2870) (= + x) ds 
fi 


0 


' ays f 
= dug ae f e6- ds ne f yaer ds, 
to os to 


The first integral can be solved by parts: 


N a(t—to) | _ a(s—tg) pet _ i a(s—to) . a(s—to) 
to | Are = Àn + | vse ysae ds + Ysae ds 
ti ti 


s=to 0 0 


= Ato + yee”) — Vto> 


and finally 


to Ac] = ys + (Ar = Yio) e ett) | 


If the initial value of the function y; coincides with the initial value of A; (i.e. 
Ato = Yio), then we can conclude that the expected value of A; coincides with the 
value of y, for any t > fo: 


Ut [Ar] = Yt. 


If we want the expected force of mortality to coincide with the Gompertz- 
Makeham model (5.4.2), then we must set 


t+t—m 


1 
v=¢+ po 
Furthermore, in order to exploit the properties of the CIR process, we can set 


O (t, M) = Ort, 


and, finally, the stochastic process (5.7.1) becomes 


1 1 1 t+t—m 
dh, =a, | + (=; 4 i) aos ty | dt aw ad Wi, (5.7.2) 
a 
But 


Given the data we have already obtained from the HMD (in the previous section), 
we can estimate the parameters of this stochastic process through the procedures 
shown in Sects. 3.5 and 3.6. 
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In particular, we use the homoscedastic transformation (3.5.2) with y = i (i.e. 
ye = 2 (Vhr — 1). In this case, the dynamics of variable yy is 


dy; = |—~y, + | af; — -o~ | — | dt + od W;. 
2 4 yt 


From this equation we obtain the estimation of o from 


V; [d 
V; [dy] = o?dt «= o = d 
The dynamics dy, can be discretised as follows 
dt lov i 1 1 imeb 
Viti = ja yj + 2dt | ap — —o? | — +2dt ( -+a -eT 4 odW,. 
2 4 yi b b yi 


The equation whose parameters we are about the estimate can be written as 


1 ePat 
SES PI Pa or Ra T 


l L 


where ¢; is the error (homoscedastic) term and 


-21-2 
ßfi=1-%#, a= 2 
1 2 1 2 
P2 = 2dt (ad ļo?), o=2(# +407), 
i—m < _ | 
Bs =2dt (4 +a) per, b= gy 
ai m=ı—bl Bab 
Ba = 3> 2dt( 4+0) 


For the estimation, we will use the nls (non-linear least square) since the 
variable y;+ı is linked with L and with e‘ through non linear functions. This 
function asks for the initial values of the parameters. For ¢, b, and m we will use 
the values estimated from the Gompertz model in the previous section. The value of 
dt is set to 1 since we have annual data, and the age 1 is set to 25. 


dt = 1 

age = 25 

sigma_l = c(sd(diff(2 * sqrt(lambda_M)))/sqrt (dt), 
sd(diff(2 * sqrt(lambda_F)))/sqrt(dt)) 

alpha_l = c(0.1, 0.1) 

phi_l = phi_cM 

m_l = m_GM 

b_1 = b_GM 
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The estimation is performed in R through the following commands for both males 
and females. 


N = length(lambda_M) 

y = 2 * sqrt (lambda_M[2:N]) 

x1 = 2 * sqrt(lambda_M[1:(N - 1)]) 

x2 = (2 * sqrt(lambda_M[1:(N - 1)]))7(-1) 


x3 = seq(1, N - 1) * dt 
longevity = nls(y ~ betal * x1 + beta2 * x2 + beta3 * 
exp(beta4 * x3) * x2, start = list(betal = 1 - 
alpha_1[1] * dt/2, beta2 = 2 * dt * (alpha_1[1] * 
phi_1[1] - 0.25 * sigma_1[1]72), beta3 = 2 * dt * 
(1/b_1[1] + alpha_1[1])/b_1[1] * exp((age - m_1[1])/b_1[1]), 
beta4 = 1/b_1[1])) 
summary (longevity) 


## 

## Formula: y ~ betal * x1 + beta2 * x2 + beta3 * exp(beta4 * x3) * x2 
HH 

## Parameters: 

HH Estimate Std. Error t value Pr(>|t]) 

## betal 0.9267334 0.0392287 23.624 <2e-16 *** 

## beta2 0.0008027 0.0004780 1.679 0.0975 . 

## beta3 0.0003605 0.0001559 2.312 0.0237 * 

## beta4 0.0853385 0.0025569 33.376 <2e-16 *** 

## --- 

## Signif. codes: O '***' 0.001 '**' 0.01 '*' 0.05 '.' O.1 ' ' 1 
## 

## Residual standard error: 0.0102 on 71 degrees of freedom 

## 

## Number of iterations to convergence: 4 

## Achieved convergence tolerance: 2.014e-06 


alpha_1[1] = 2 * (1 - coef (longevity) [1])/dt 
phi_1[1] = (coef(longevity) [2]/(2 * dt) + 0.25 * sigma_1[1]~2)/alpha_1[1] 
b_1[1] = 1/coef (longevity) [4] 
m_1[1] = age - b_1[1] * log(coef(longevity) [3] * b_1[1]/(2 * 
dt * (1/b_1[1] + alpha_1[1]))) 
c(alpha_1[1], phi_1[1], b_1[1], m_1[1], sigma_1[1]) 


## [1] 0.146533298 0.003408856 11.718041787 80.055483426 0.019817450 


# Estimation for females 

= length (lambda_F) 

2 * sqrt (lambda_F[2:N]) 

x1 = 2 * sqrt(lambda_F[1:(N - 1)]) 

(2 * sqrt(lambda_F[1:(N - 1)]))7(-1) 

x3 = seq(1, N - 1) * dt 

longevity = nls(y ~ betal * x1 + beta2 * x2 + beta3 * 


< 2 
ll 
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I 


Il 
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exp(beta4 * x3) * x2, start = list(betal = 1 - 
alpha_1[2] * dt/2, beta2 = 2 * dt * (alpha_1[2] * 
phi_1[2] - 0.25 * sigma_1[2]72), beta3 = 2 * dt * 
(1/b_1[2] + alpha_1[2])/b_1[2] * exp((age - m_1[2])/b_1[2]), 
beta4 = 1/b_1[2])) 
summary (longevity) 


Ht 

## Formula: y ~ betal * x1 + beta2 * x2 + beta3 * exp(beta4 * x3) * x2 
## 

## Parameters: 

HH Estimate Std. Error t value Pr(>|t]) 

## betal 8.303e-01 4.921e-02 16.871 < 2e-16 *** 

## beta2 2.042e-03 6.238e-04 3.273 0.001643 ** 

## beta3 1.325e-04 3.618e-05 3.663 0.000477 *** 

## beta4 1.051e-01 1.772e-03 59.307 < 2e-16 *** 

## --- 

## Signif. codes: 0O '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 
## 

## Residual standard error: 0.01087 on 71 degrees of freedom 

#H 

## Number of iterations to convergence: 4 

## Achieved convergence tolerance: 1.258e-06 


alpha_1[2] = 2 * (1 - coef (longevity) [1])/dt 
phi_1[2] = (coef (longevity) [2]/(2 * dt) + 0.25 * sigma_1[2]^2)/alpha_1[2] 
b_1[2] = 1/coef (longevity) [4] 
m_1[2] = age - b_1[2] * log(coef(longevity) [3] * b_1[2]/(2 * 
dt * (1/b_1[2] + alpha_1[2]))) 
c(alpha_1[2], phi_1[2], b_1[2], m_1[2], sigma_1[2]) 


* 


## [1] 0.339406305 0.003380312 9.513472650 87.393601332 0.022483728 


All the parameters that have been estimated are gathered in Table 5.3. 

Finally, we can simulate such a process with a “for” cycle analogous to that 
already used for the CKLS function. In the case of males, if we want to create 10 
possible paths of the 4; that solves (5.7.2), we can give the following commands. 


Table 5.3 Parameter estimations of both the Gompertz (5.4.2) and its stochastic version (5.7.2) 
on the HMD 


Parameters 


Stochastic Gompertz (5.7.2) 
0.034089 
11.7180419 
80.0554833 
=o e ë [oma 
C Se 


9.5134727 
87.3936013 


0.0224837 
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M = 10 

x = array(0, dim = c(N, M)) 

x[1, ] = rep(lambda_M[1], M) 

dt = 1 

for (i in 2:N) { 

dx = alpha_l[1] * (phi_1[1] + (1/alpha_1[1]/b_1[1] + 

1)/b_1[1] * exp((age + i - 1 - m_1[1])/b_1[1]) - 
x[i - 1, J) * dt + sigma_1[1] * sqrt(x[i - 


1, ]) * rnorm(M) * sqrt (dt) 
# dz[which(x[i-1,]+dxz<0)]=0 
xli, ] = x[i - 1, ] + dx 


Then, the simulated paths can be compared with the actual behaviour of the force 
of mortality, like in Fig. 5.6. 
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matplot(seq(age, age + N - 1), x, type = "1", col = "gray", 
lty = 1, xlab = "age", ylab = "") 

lines(seq(age, age + N - 1), lambda_M, type = "1") 

grid() 


Fig. 5.6 Simulation of 10 trajectories of the stochastic process (5.7.2)—in grey—compared with 
the actual behaviour of the force of mortality for US males aged 25 in 1933—in black 
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The same commands can be written for the case of females. 


M = 10 
x = array(0, dim = c(N, M)) 
x[1, ] = rep(lambda_F[1], M) 
dt = 1 
for (i in 2:N) { 
dx = alpha_1(2] * (phi_1[2] + (1/alpha_1[2]/b_1[2] + 
1)/b_1[2] * exp((age + i - 1 - m_1[2])/b_1[2]) - 
x[i - 1, ]) * dt + sigma_1[2] * sqrt(x[i - 
1, ]) * rnorm(M) * sqrt (dt) 
# dx[which(x[i-1,]+dx<0)]=0 
x[i, ] = x[i - 1, J] + dx 


Finally, the simulations for the females is shown in Fig. 5.7. 
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matplot(seq(age, age + N - 1), x, type = "1", col = "gray", 
lty = 1, xlab = "age", ylab = "") 

lines(seq(age, age + N - 1), lambda_F, type = "1") 

grid() 


Fig. 5.7 Simulation of 10 trajectories of the stochastic process (5.7.2)—in grey—compared with 
the actual behaviour of the force of mortality for US females aged 25 in 1933—in black 
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5.8 A Stochastic Model for the Survival Probability 


Given the stochastic process for A; in (5.7.2), we can compute the survival 
probability in closed form as we have already done for the value of a ZCB. In 
particular, we obtain 


T 
(T= Ppi) = E; [Ir<r] = E; [ens el = @ AGEN CUDA (5.8.1) 


where, after Proposition 4.4, 


k:= ya? + 207, 


1 — e-k(T-t) 


C (t, T) = 2r, 
oe k +œ + (k — œ) eT) 


T 
A(t, T)= a, f Ba.sC (s, T) ds. 
t 


Now, if we apply Itô’s lemma to (5.8.1), we obtain 


d(T- 
drar) _ a at Ct, T) ox dW. 
(T-t Pt) 
Given the process (5.7.1), the integral i Bx,sC (s, T) ds does not have a closed 
form solution, but it can be solved numerically. 
The following code allows us to compute the survival probability, given a value 
of à (t). 


Prob = function(t, T, 1, age, sex) { 
C = function(t, T) { 
k = sqrt(alpha_l[sex]~2 + 2 * sigma_1[sex]72) 
2 x (1 - exp(-(T - t) * k))/(k + alpha_l[sex] + 
(k - alpha_l[sex]) * exp(-(T - t) * k)) 
} 
beta = function(s) { 
phi_l[sex] + (1/(alpha_l[sex] * b_l[sex]) + 
1)/b_l[sex] * exp((age + s - m_l[sex])/b_1l[sex]) 
} 
INT = function(s) { 
beta(s) * C(t, s) 
} 
exp(-alpha_l[sex] * integrate(INT, t, T)$value - 
C(t, T) * 1) 
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With this function we can now simulate the value of 4; and compute the 
corresponding survival probability. In particular, we want to show the behaviour 
of the survival probability for 1 year, when the agent becomes older and older. 
Algebraically, in the previous function we set t = 0, T = 1, and the age will go 
from 25 to 120. The commands for simulating these values for males and females 
are as follows. 


age = 25 

M = 10 

N = 120 - age 

X_m = array(0, dim = c(N, M)) 
x_f = array(0, dim = c(N, M)) 
P_m = array(0, dim = c(N, M)) 


P_f = array(0, dim = c(N, M)) 
x_m[1, ] = rep(lambda_M[1], M) 
x_f[1, ] = rep(lambda_F[1], M) 


P_m[1, ] = rep(Prob(t = 0, T= 1, 1 = lambda_M[1], 
age = age, sex = 1), M) 
P_f[1, ] = rep(Prob(t = 0, T= 1, 1 = lambda_F[1], 


age = age, sex = 2), M) 
dt = 1 
for (i in 2:N) { 
dx_m = alpha_1[1] * (phi_1[1] + (1/alpha_1[1]/b_1[1] 
1)/b_1[1] * exp((age + i - 1 - m_1[1])/b_1[1]) - 
x_m[i - 1, ]) * dt + sigma_1[1] * sqrt(x_m[i - 
1, ]) * rnorm(M) * sqrt (dt) 
dx_f = alpha_1[2] * (phi_1[2] + (1/alpha_1[2]/b_1[2] 
1)/b_1[2] * exp((age + i - 1 - m_1[2])/b_1[2]) - 
x_f[i - 1, ]) * dt + sigma_1[2] * sqrt(x_fli - 
1, ]) * rnorm(M) * sqrt (dt) 
x_m[i, ] = x_m[i - 1, ] + dx_m 
x_fli, ] = x_f[i - 1, ] + dx_f 
P_m[i, ] = Prob(t = 0, T=1, 1 
i, sex = 1) 
P_f[i, ] = Prob(t = 0, T= 1, 1 
i, sex = 2) 


+ 


+ 


x_m[i, ], age = 24 + 


x_f[i, ], age = 24 + 


Finally, we can show the results of this simulations with some graphs. In Fig. 5.8 
we simulate 10 paths of the probability that we have just calculated, for both males 
and females. Inside the command “rowMeans’” we specify the option “na .rm=T” 
so that R will neglect any NA values if present. 
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matplot(seq(age, age + N - 1), P_m, type = "1", col = "lightblue", 
lty = 1, xlab = "age", ylab mn) 

matlines(seq(age, age + N - 1), P_f, type = "1", col = "lightpink", 
lty = 1, xlab = "age", ylab = "") 

lines(seq(age, age + N - 1), rowMeans(P_m, na.rm = T), 
type = "1", col = "blue") 

lines(seq(age, age + N - 1), rowMeans(P_f, na.rm 
type = "1", col = "red") 

legend("bottomleft", legend = c("males", "females"), 
lty = 1, col = c("blue", "red"), bty = "n" 

gridQ 


W tl | 


T); 


Fig. 5.8 Simulations of 10 paths of the survival probability for 1 year ahead, starting from the 
age of 25, for both males (in blue) and females (in red). The process for A, is (5.7.1) where the 
parameters have been estimated from the MHD on US population aged 25 


5.9 The Evolution of Wealth Subject to Actuarial Risk 


Let us assume that an economic agent, like a pension fund, invests an initial wealth 
Ry and, because of this investment, receives some periodic cash flows k; until his 
death time t, when it receives back a percentage (qz) of the final wealth Rz. Since 
the price of any asset on the financial market can be computed as presented in 
Theorem 4.3, also in this case we can write 


Qt 
=k 
Ro — “to ,t0 


w S T 
| Ierkse fods 4 qeRre to e] l (5.9.1) 
fi 
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which is simplified as follows 


w S 7, @ oS 
Ro = zQ [i ke” fo tut bude gg +f àsqsRse aratata] 
to 


to 


_ GQ ° k — fè (Fu+àu)du 
= (ks + àsqsRs)e *0 ds|. 
to 


Given the relationship between (3.3.1) and (3.3.2) already presented in Sect. 3.3, 
this value of Ry can be associated with the following differential equation 


dR, = (Ri (ri +1) — (ki +q R:)) dt +o} WP (5.9.2) 
= (Ri (re + (1 — qi) à) — ki) dt tof awe, 


where we have indicated with or; a generic diffusion term for wealth. Now, we 
can see that, according to the value of q;, two interesting cases can be discussed. In 
what follows we show the cases with q; = 1 and q; = 0 even if, of course, all the 
intermediate cases qr € [0, 1] are possible. 


e With q; = 1, the agent (or his/her heirs) receives the whole amount of remaining 
wealth at the death time t and, accordingly, the force of mortality A; does not 
affect the wealth dynamics d R;. In fact, independently of the death time, the 
whole wealth is paid back to the investor. 

e With q; = 0, the agent does not receive any amount of wealth at the death time 
t and, accordingly, the force of mortality À; affects the wealth dynamics d R;. In 
fact, at any instant in time, the entire wealth could be “erased” by death. 


Girsanov’s theorem allows us to rewrite the dynamics of wealth under the historical 
probability: 


dR; = (R; (r, + (1 — qi) At) — ky) dt +o}, (dW, + &;dt) 


= (R, (re + = qi) àt) + OR ér = ki) dt + oR dW). 


In the framework of a pension fund, the parameter q; may measure the percentage 
of the final wealth that is paid back to the heirs of the pensioner. 

Note that if we invert the previous process, and we go from the differential 
equation to the expected value representation of its solution (the so-called Feynman- 
Kač theorem—@ksendal 1998; Duffie 2001), we can write the initial wealth Rn also 
in the following way 


Ry = -l 


w s 
/ ee] f 
ti 


0 


References 111 


where we see that the mortality risk, represented by à+, is reduced by the percentage 
qı. In fact, if the agent’s heir is reimbursed by this percentage, the agent’s wealth is 
not fully lost and it suffers a smaller level of risk. 
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Chapter 6 A 
Financial-Actuarial Assets Geek for 


6.1 Introduction 


In this chapter we show how to price a derivative on human life by using the tools 
already developed in the previous chapter. In particular, we show three cases: (1) the 
longevity bond, (2) the out of date Tontine, and (3) the death bond. These particular 
assets are just examples of a design that could be used to create many other actuarial 
derivatives whose underlying is the force of mortality. From a theoretical point of 
view, such assets are very useful for completing the financial market. In fact, it 
is very difficult to find pure financial assets that have a correlation with the force 
of mortality which is sufficiently high to make these assets suitable for hedging 
purposes. 

In the following chapters we will use actuarial assets for completing the financial 
market on which a pension fund can invest its wealth, and we will show numerical 
simulations for understanding the dynamics of the optimal share of these assets in 
the fund’s portfolio. 


6.2 Derivatives on Human Life 


Derivatives on human life must be interpreted as bonds whose coupons (or final 
payments) are linked to some demographic measure. Accordingly, the fundamental 
theorem of asset pricing allows us to write the value of a demographic asset D; 
paying coupons ô (t, A;) as 


T S 
D (t, rt, àt) = EF p 8 (8, s) e7 st rita) (6.2.1) 
t 
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If both r; and A, are stochastic, then on this asset there are two main risk sources: 
the stochastic changes in the interest rate and in the force of mortality. Let us assume 
that r; and A; solve 


dr; = Ur,dt + od W,;, 
dàt = u dt + o] dW,, 


with k risk sources. The dynamic behaviour of D (t, r;, àt) can be obtained through 
Itô’s lemma on (6.2.1) as follows 


dD (t, rt, àt) =(D (t, r1, At) ri — ô (t, Ay) dt 
OD (t, ri, À ƏD (t, rı, À 

m (t, rı Dot awe + (t, rı H Tawe, 

ort OM j 


or, alternatively 


dD (t, rt, àt) ô (t, Ar) 
EO S gg a Ndi 
D (t, rt, àt) D (t, rt, àt) 
g 2P Erh) 1 
Ort D (t, rt, àt) 
ƏD (t, rt, À 1 
m ( lt t) ol, 
ddr D (t, Tt, dt) “ 


Ort d we 
dwe, 


where we have omitted the drift terms since they are not relevant to our purposes. 
If we call 


the semi-elasticity of Y with respect to X,! then we can write d D; as 


dD (t, rt, At) ô (t, Ar) 
sc aL T 
D (t, rt, àt) D (t, rt, àt) 


+ Vpro, dW? + Ypo] ,dWe, 


'We recall that, instead, the elasticity of Y with respect to X is given by ny, x := a x. 
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where Vp, is a measure of the reaction of the price D (t, 7;, àt) to the changes in 
the interest rate, and Vp,, measures the reaction of D (t, 7;, àt) to the changes in 
the force of mortality. In the financial literature, the opposite of the variable Vp,» is 
called duration.” 

Now, thanks to Proposition 4.2, we can specify the drift as 


dD (t, r1, At) ( ôr 
—— |r 


= — ——— +V TE+V T dt 
Dena V Deni ne paot) 


+ Vp,ro,d W; + Dp 0} ,dW,, 


where é, is the vector of the market prices for risk. 
If the force of mortality is not stochastic (i.e. o}, = 0), then the demographic 
asset becomes exactly as any other bond on the financial market: 


dD (t, rt, At) 
D (t, rt, Ar) 


ôr 
= (r — ——— + Vp, 07 & | dt + Vp,ro,,d Wi. 
o4=0 (" D (t, rt, àt) ų profs) D,rOr t4 Wi 


As it is easy to check, this differential equation is not different with respect to that 
of a coupon bond (whose coupons may depend on à; which is no more a stochastic 
variable). 

We have already argued that the longevity risk is measured by the stochasticity 
of àr. Thus, a model where Àr is deterministic implies the absence of any longevity 
risk. In other words, the presence of the longevity risk implies the need for hedging 
against one more risk source (that which drives àp). 


2The reason for this name is clear if we take into account a deterministic case. The value of a bond 
is 


T 
V, =f be 7 8 ds, 
t 


and its semi-elasticity with respect to r is 


dV, 1 JE ôs (t — s)e 8 ds 
dr V; [reds 
whose opposite is the weighted mean of the time to maturity (t — s) of the coupons, where the 


weights are the discounted values of the coupons. Accordingly, the opposite of the semi-elasticity 
is a “weighted average duration” of the bond. 
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6.3 Longevity Bond 


A longevity bond is a bond whose coupons are strictly proportional to the survival 
rate of a given population. 


T S 
Lpg (t, T) = i? | ; ameg at 


T 
= Ee | / eieioa |, (6.3.1) 
t 


where we note that the ratio (s po) / (+ po) is the number of agents who survive from 
t to s, i.e. (s pr). 

If we apply the method shown in Sect. 5.3, we can rewrite the price Lz (t, T) in 
the following way 


T 
Lg (t, T) = 02 p zQ [e ji ier et ras] 
t 


T S 
= i p Isere h rtas] . 
t 


From this version of Lg (t, T), we understand that it can be interpreted like an 
insurance contract that pays a coupon of 1 Euro until the maturity T if a reference 
agent is still alive. This reference agent may also be the representative member of a 
reference population. 

In November 2004 BNP-Paribas made an attempt to issue such a bond but it was 
not appreciated by the market. One of the reasons was that it was written on the 
survival rate of a population of Welsh males aged 60. The European pension funds, 
which were the main potential buyers of such an asset, were not interested in the 
Welsh population because they would have been exposed to a too high basis risk. 

If à; and r; are independent then we can write 


T 
Le(t,T)= / zQ |e S aes 0 [e J; aa ds 
t 


T 
= f B (t, s) (spr)2 ds, 
t 


where (s p) stands for the survival probability from ¢ to s, computed under the 
probability Q. 
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From Eq. (6.3.1) we can see that a longevity bond can be interpreted as the sum 
of many zero-coupon longevity bonds which pay | at any instant in time: 


T ; T 
Leg (t, n=f oe le Daa ds =f L (t, s) ds. 
t t 


The zero-coupon longevity bond L (t, T) has the following differential 


dL(t,T) _ 


zem (2A Vir, VL a0. dt 
LG, T) Tita + Vr Onebe + VLA) 51 


discount rate 


+ Vzro,,dW; + Vio) ,dWi. 


6.4 The Tontine 


A Tontine® is a financial-actuarial asset named after the Neapolitan banker Lorenzo 
de Tonti, who invented it in France in 1653 for the prime minister Cardinal 
Mazarino. The financial structure of the Tontine is as follows: the Government pays 
each period a given amount of money which is divided among all the holders. 
If some holders die, their shares are redistributed to the survivors. This process 
continues until only one investor survives (or the maturity is reached). While once 
very popular in France, Britain, and the United States, Tontines have been banned in 
Britain and the United States due to the incentive for subscribers to kill one another. 
The value of a Tontine for the holder (agent i) is given by 


T l] s 
©; (t, T)=EF | / el a, 
t (spo) 


and since there are (; po) surviving agents on the market at time ¢, then the total 
value of the Tontine is 


T S 
Oz (t, T) = (G po) O; (t, T) = EF | 1 GPO) = rtas] 
t (spo) 


T 
=E? p eli rudu e= Ji rvs] 
t 


Note that the ratio (; po) / (s po) measures the inverse of the number of surviving 
agents between f and s. With respect to the force of mortality, we can immediately 
see that the Tontine and the longevity bond behave in the opposite way. When the 


3The role of such an asset in optimal portfolio is studied in Menoncin (2008). 
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force of mortality increases, the value of the Tontine increases while the value of the 
longevity bond decreases. 
If we take into account the zero-coupon bond Tontine 


O(t,T)= zQ [e STe aae] l 


then the dynamics of © (t, T) is 


dO (t, T) 
OM, T) (x — Àt + Vono éi + Vo.ro7hé1) dt 


+ Vo.0) dW; + Voro, ,dW;, 


where A, in the drift has the opposite sign with respect to the longevity bond. Since 
the longevity bond and the Tontine react in the opposite way to the changes in the 
force of mortality, then if they have the same time to maturity (T — t), it must be 
verified that 


Vo, = VL,- 


It is easy to demonstrate that on a market where there are: (1) an ordinary bond, 
(2) a longevity bond, and (3) a Tontine, one of the three assets is redundant. For 
instance, if we hold 67, longevity bonds and 0g ordinary bonds, the return of such a 
portfolio is 


dR; dL (t, T) dB (t, T) 
= 0L + 681 ——__., 
Bt, T) 


R, LET) 


or 


dR; T T 
Be =01 + Q + Àt + VLA} $t + Vzor) dt 
t 


+ On 1Vi 00) dW; + OL1Viro7d Wi 


+ OB t (rı + VB,ro, 761) dt + OB VB ro, dW,. 


In order to guarantee that this portfolio replicates the Tontine, we must choose 


dk, dO(t,T) 


OL, and 6g, such that the diffusion terms of z and Ory are identical: 
J ; 


OL, tVi.~02,t + OL, Vir Ort + OB 1 VB r Ort = Vor0r,t + Vo,rOr,t- 
If we collect the terms containing o;,, and those containing o) +: 


(0L VL, — Vor) Oa + (0L 1VL,r + 98,1VB,r — Vor) Orr = 0, 
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which is zero if and only if 


Pea — Vo, = 0, 
OL tVL,r + OBtVB,r — Vo,r = 9, 


whose solution is 


Vo, 
OL.t = ’ 

VLA 

Vo, Von Vir 
OB = a re, 


Var VLa VB 
If the force of mortality and the interest rate are independent and all the bonds 
have the same time to maturity, then we know that L (t, T), B (t, T), and © (t, T) 


must all react in the same way to the changes in the interest rate, i.e. 


Vo,r = VB,r = VL,r, 


and since we know that Ve,, = —VzL,1, then the previous result becomes 
OL. = -l, 
OB, = 2, 


i.e. in order to replicate a Tontine it is sufficient to buy two ordinary bonds and short 
sell one longevity bond (all having the same maturity). 

It is straightforward to show that this portfolio composition also makes portfolio 
return equal to the return on the Tontine (and this is true because the drift terms has 
been obtained through a non arbitrage condition). Thus, if Tontines are put out of 
law, then also short selling longevity bonds should be illegal. Nevertheless, since the 
issuance of a longevity bond coincides with a short position on it, we can conclude 
that preventing the existence of a particular asset on a complete financial market is 
a quite challenging task. 


6.5 Death Bond 


A death bond is like any other Asset Backed Security (ABS). The process for 
changing a death insurance into a death bond is made by four steps (as in Fig. 6.1). 
Let us see such steps in details. 


1. The so-called seller is the subscriber of the death insurance. When the agent 
grows older (typically 70) and he does not have any further need for the insurance 
on his life, he may want to cash out his policy. 
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wor see 


(Life settlement D 
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Fig. 6.1 How a death insurance becomes a death bond 


2. The seller hires a life settlement broker who will find a buyer for his policy. 
The buyer pays the net present value of the policy (that we have called D; in the 
previous section) and receives the insurance policy. Thus, the buyer will continue 
paying the settlements to the insurance company. The buyer will also receive 
the final benefit from the insurance company when the seller dies. The up-front 
payout to the seller varies widely, from 20% of the death benefit to 40%. The 
seller pays to the broker a commission ranged from 5 to 6%. 

3. Another character in this game is the so-called life settlement provider. Through 
him, a hedge fund or an investment bank buys a pool of death insurances from 
insurance company (or insurance companies). Now, the hedge fund will receive 
the premia from the buyer and will pay the final benefit. 

4. In the last step, after a sufficient number of policies has been collected, these 
policies can back the emission of a death bond. Accordingly, the policies play the 
same role as the assets in an ABS or the mortgages in a mortgage backed security. 
We say that the new death bond is a pass through asset when the premia received 
by the hedge fund are directly paid to the investors without any guarantee from 
the hedge fund (i.e. if the hedge fund does not receive any payment, then it does 
not pay any coupon). Instead, the death bond is pay through when the hedge 
fund guarantees the payments of the coupons. 


The death bond is based upon death insurances. Thus, let us show how a death 
insurance works. With a death insurance contract, the subscriber agrees to pay 
settlements (ô) during his life time in order to receive, at his death time, a given 
amount of money (final benefit). For the sake of simplicity we will set such amount 
to 1. 
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Let us assume the death insurance is subscribed at time fo, then the actuarial 
equilibrium asks for the expected present value of the settlements to be equal to the 
expected present value of the final benefit (available at the death time t and equal to 
1). If we assume that ô is constant and continuously paid, then the actuarial/financial 
equilibrium asks for the following equality to hold: 


T 
.Q,r Gr .Q,r Gi 
j ô—ds| =E 1 : 
ia p Gs s| 23 x a | 


In Sect.5.3 we have already seen how to handle both sides, which can be 
simplified as follows: 


w 
~Q,T Gi _ +Q,t .Q,t Gr 
“to,to p ôls<r G, as| = Lig, to | “w, to ral ; 
G 
{ i nds | ; 
to Gs 
i Ds G : a ee oe 
ha p ô DA (ls <r] i as| = i | Ase Jo” + “as ; 
to Gs 10 
@ _ rfs G w _ ps 
f ô zQ [e fo cae Suas = R p Age Lo | 
t Gs A 
w s > , 
ne p e Jo stadas] = z p ne ho araia 
to to 


Accordingly, we are now able to compute the fair premium ô of this insurance 
contract: 


Je Ir [Ase So Tut ie ds 


Se Pe am] ds , 


i.e. the premium coincides with the weighted mean of the forces of mortality, and 
the weights are given by the values of longevity bonds. If the force of mortality A is 
assumed to be constant, then 


ô= À, 
i.e. the premium that must be paid coincides with the force of mortality. 


The numerator of ô* can be further simplified through a change in probability. 
If we a longevity bond as the numéraire of the economy, and we call L the 
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corresponding probability (see Sect. 4.10), then we can write 


SE EL [as] L (to, s) ds 


al = 0 
i L (to, s) ds 


This new version of the previous formula shows in an even clearer way that ô* is 
actually a weighted average of the expected value of the force of mortality under a 
new probability. 
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Chapter 7 ® 
Pension Fund Management Chente; 


7.1 Introduction 


This chapter is the core of this work. By using all the tools that have been developed 
in the previous chapters, here we show how to compute the dynamic optimal asset 
allocation of a pension fund that can invest its wealth in four asset classes: (1) a 
risk-less asset, (2) a stock index, (3) a rolling zero coupon bond, which is a kind of 
derivative on the risk-less interest rate, and (4) a rolling longevity bond that can be 
thought as a derivative on the stochastic force of mortality. 

We show that the optimal portfolio is formed by two parts: a speculative 
component and a hedging component. We show in details the form and the 
properties of these components. 


7.2 Contributions and Pensions 


The management period for a pension fund can be divided into two phases. 


1. Accumulation phase (A-Ph): this period lasts from the time when the sponsor 
(worker) signs his contract with the pension fund (tọ) and the retirement date (T). 
The retirement date may be either chosen by the worker or imposed by the law 
(this is the case in many European countries). During the accumulation phase the 
worker periodically pays contributions (c;) into the fund. 

2. Distribution phase (D-Ph): after the retirement date (T), the pension fund starts 
paying pensions (pr) to the worker-pensioner until his/her death time (t). Of 
course death may occur even before time T and, in this case, the pension fund 
has just collected the contributions without having to pay any pension. 


The worker chooses either the contribution or the pension stream, while the other 
stream of cash flows must satisfy a so-called feasible condition (or fairness 


© Springer Nature Switzerland AG 2021 123 
F. Menoncin, Risk Management for Pension Funds, EURO Advanced Tutorials 
on Operational Research, https://doi.org/10.1007/978-3-030-55528-3_7 


124 7 Pension Fund Management 


condition), i.e. the expected present value of both cash flow streams (contributions 
and pensions) must be equal at inception (in fo). This condition can be written as 


QT y -fi rudu 
0= to,to (csls<r = Psls>1) e "o dsl. 
to 


Note that this formula may as well describe a particular form of swap derivative. 
In this kind of swap, the stream of contributions between fp and T is exchanged with 
the stream of pensions between T and the death time. Here, we have evaluated the 
streams of contributions and pensions under the risk neutral probability since we are 
assuming that it is possible to fully replicate them, on a complete financial market. 

As we have already shown in previous chapters, this expected value can be 
written only in terms of Q and 4, in the following form (it is like an annuity): 


` ý -f utÀu d 
ma Eo [f (csIs<T = psls>r) e Sig Tan ‘as| F 
t 


0 


Let us assume that both c; and p; are constant. In this case the feasible condition 
becomes 


p“ Ep les ape o taas| 
i a e Isare” otro dgs] 
D [fee Sig Qutru)de g | 
= Or pe Sasol (7.2.1) 
to E 0 d | 


Finally, if we recall the value of a longevity bond, we can also write 


pe JE L (to, s) ds 
ce Sr L(to,s) ds” 


Example 7.1 If bothr and à are constant, and we assume w — on, then the 
feasibility condition brings to the following result 


a bs eo HAVS—10) ds T si eC eae 
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(continued) 
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Example 7.1 (continued) 


From this equation we immediately see that: 


1. when r increases also Z increases: pensions are paid after receiving con- 
tributions, this means that their duration is longer than that of contributions 
and changes in the interest rate affect pensions in a heavier way; when the 
interest rate increases the present value of future cash flows reduces (and, 
of course, pensions reduce much more than contributions and, accordingly, 
they can be higher); 

2. when A increases also = increases: if the force of mortality increases, then 
also the death probability is higher and, given the amount of contributions, 
pensions can be higher too (since the probability to pay pensions for a 
longer period of time becomes lower); 

3. when (T — tọ) increases also E increases: if contributions are paid for a 
longer period of time, then pensions can be higher. 


This result can be obtained in closed form when the force of mortality follows a 
Gompertz function and the interest rate is constant. 


Proposition 7.1 Jf the force of mortality follows Eq. (5.4.2) and the riskless 
interest rate is constant, then the feasible ratio (7.2.1) is given by 


r ( @ = > h e ) 
* — 7 b 
P= 1 


e r(-@+r)b e) : 


Proof. When A follows (5.4.2) and the interest rate is constant, Eq. (7.2.1) can 
be written as 
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(continued) 
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where the numerator is a life annuity starting from tọ as shown in Proposi- 
tion 5.1. In order to trace back also the denominator the that result, we can 
write it as 


ee) 5 o p— fa (r+àu)du @ 
i e7 Sig Tau ld Jy — i e 2 on ligt tandu gg 
T T e ipa du 


oO 
= e7 fo (Hwa / e Int hu)du gg 
T 
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and finally we have 


— fË (r+u)d 
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Now, in the denominator, we have terms whose values have already been com- 
puted in (5.4.3). If we substitute both (5.4.3) and the result of Proposition 5.1 
we obtain 


t+tġ—m 

p* be~ Gtr) (m—-to) +e b 
E = t—m+1o 6 

T b (« =) ee eee 

i+tg—m 
r(-@+nb,e4 ) 
x t+T—m = il, 
r(-@+r)b eT") 
which can be simplified as shown in the proposition. o 


If we use the parameters estimated for US citizens who were 25 in 1933, we 
can show in Fig. 7.1 the feasible ratio z for males (continuous line) and females 
(dashed line) for different values of the (constant) interest rate. 

Since females live longer, then they receive a lower amount of pensions even if 
they pay the same contributions as males. From Fig.7.1 we can see that changes 
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60 
l 


20 
l 


0.00 0.02 0.04 0.06 0.08 0.10 


T = 40 

r = seq(0, 0.1, by = 0.005) 

ratio_male = gamma_inc(-(phi_GM[1] + r) * b_GM[1], 
exp((age + tO - m_GM[1])/b_GM[1]))/gamma_inc(-(phi_GM[1] + 
r) * b_GM[1], exp((age + T - m_GM[1])/b_GM[1])) - 
1 

ratio_female = gamma_inc(-(phi_GM[2] + r) * b_GM[2], 
exp((age + tO - m_GM[2])/b_GM[2]))/gamma_inc(-(phi_GM[2] + 
r) * b_GM[2], exp((age + T - m_GM[2])/b_GM[2])) - 


1 

plot(r, ratio_male, type = "1", ylab = "Feasible ratio", 
xlab = "r") 

lines(r, ratio_female, type = "1", lty = 2) 

grid() 


legend("topleft", c("males", "females"), lty = c(1, 
2J bty = "y") 


Fig. 7.1 Feasible ratio ja for US males (continuous line) and females (dashed line) who enter 
pension fund at 25 (in 1993) and retire at 65, as a function of (constant) interest rate 
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in the interest rate are less important when the interest rate is low while they may 
affect the feasible ratio in a relevant way when the interest rate level is high. 

This result suggests that the best moment for a reform of a pension system is 
a period when interest rates are stable and low, i.e. during a period of economic 
growth. 

In this section we have computed the ratio between the fair value of pensions and 
contributions. Actually, contributions and pensions cannot be separately computed. 
If the sponsor chooses a level of contribution, then the pension level must be set 
in order to meet the feasibility condition. In the same way, if the sponsor chooses 
the amount of pensions, then the contributions are suitably set in order to make the 
feasibility condition hold. 

Accordingly, there are two main schemes for a pension fund management. 


1. Defined Contributions (DC): contributions are defined in advance (in fg), 
generally as a percentage of sponsor’s wage, while pensions are paid in the D- 
Ph just according to the returns the pension fund has been able to obtain on the 
financial market (a minimum pension level could be guaranteed). This scheme 
makes the sponsor to bear the risk during the D-Ph, while the fund bears the risk 
during the A-Ph. 

2. Defined Benefits (DB): the pension level is defined in advance (in fo) and the 
pension fund commits itself to meet such an obligation. The contributions may 
be accordingly change in order to make the fund able to provide the defined 
pension stream. This scheme makes the sponsor bear the risk during the A-Ph, 
while the fund bears the risk during the D-Ph. 


7.3 Reserves 


We have already argued that the expected present values of contributions and 
pensions must be equal. In fact, if this were not the case, either the pension or the 
sponsor would not have any interest in subscribing the contract. 

Nevertheless, after time fo, the difference between expected values of contribu- 
tions and pensions is no longer equal to zero. 

In what follows we will call “net outflow” for the pension fund the expected 
present value of the future pensions diminished by the expected present value of the 
future contributions (the opposite could be called “net inflow”). 

In order to simplify the notation, we can define the following variable: 


ki = pi l>r — cflber, (7.3.1) 


where k; coincides with the (negative) contribution during the A-Ph and with the 
pension during the D-Ph. 
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In actuarial literature, the net outflow is called “mathematical reserve”. Further- 
more, a similar reserve can be computed by taking into account what have already 
been paid (and received). 


1. Prospective Mathematical Reserve (PMR): at any instant f, it is the expected 
present value of all the future net outflows for the pension fund: 


w 
A; = Ee | f kse™ l: dna (1.3.2) 
t 


where, of course, we must have 


since the value of c* and p* are computed in order to meet such a condition. This 
reserve is mainly used for measuring how much capital the pension fund must 
keep in order to guarantee the payment of pensions. Accordingly, A; is mainly 
informative in a DB scheme where a given level of pensions is guaranteed. In the 
next sections we will show the behaviour of such a reserve. 

2. Retrospective Mathematical Reserve (RMR): at any instant f, it is the amount 
of contributions and pensions that have already been received and paid respec- 
tively, 


t t 
a= f kels Todas, (7.3.3) 
to 


This reserve is mainly computed by pension fund in a DC scheme and allows to 
measure the efficiency of pension fund management. In fact, if K, is subtracted 
from the fund’s wealth (R, — K+), then we obtain the amount of wealth that 
the fund has been able to accumulate without taking into account neither 
contributions nor pensions. 


We will concentrate on the PMR since it is the reserve which “naturally” arises when 
computing the optimal portfolio of a pension fund, as we will show in the following 
sections. 


7.4 Prospective Mathematical Reserve 


Let us start with the simplest case where all variables (r, A, c, and p) are constant 
(and w — oo). The PMR can be simplified as follows: 


oo 
Ay = Í (p*Is>7 = c*Is<r) e TINE—D dg 
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and now some further simplifications can be done if we know whether we are in the 
A-Ph or in the D-Ph. In fact, during the first phase (when t < T): 


lee) T 
Ate 2 » f eTA- ds = q) eT Et- ds 
T t 


=(r+A)(T= 
sl eCare a 


r+a r+a 
1 1 — e7 CHAT -t) 
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TP ER (c + P*) r+aA 


Instead, during the distribution phase (when t > T), we have 


0O 
t 


1 
TSI 


* 


=p 


We can write A; as a unique function as follows 


t= a) max(7T—t,0) 


r+aA 


1 
ae te +P) , 


and, if we substitute the feasible ratio 


* 
Pea eltMT-) _ 1, 
c* 


we finally obtain 


z g (S — 1) 
i r+ìÀ l 


With r + à = 0.05, to = 0, T = 40, i.e. the length of the contribution period is 
40 years, and c* = 1 we obtain the Fig. 7.2. 

The particular behaviour of the prospective reserve is due to the constancy of A. 
In this case, the death probability between ¢ and t + s does not depend on the age 
of the agent but just on s. This means that the probability to die between 65 and 
70 is exactly the same as that to die between 100 and 105, and the pension fund 
cannot reduce the amount of capital to keep in order to guarantee the payment of 
pensions. This situation is very unlikely because in the real world the probability to 
die constantly increases over time (and mainly after T). 
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t = seq(t0, 110, by = 0.5) 

plot(25 + t, c/(r + 1) * (exp((r + 1) * (T - tO - pmax(T - 
t, 0))) - 1), type = "1", ylab = "PMR", xlab = "age") 

grid() 


Fig. 7.2 Prospective mathematical reserve with r + à = 0.05, to = 0, T = 40, and c* = 1 


is 


If we use, instead, the Gompertz function we have 
le) ; T : 
Att<T = » f eet fy ħudugg — ef eT S; dudu gg, 
T t 


Since Proposition (5.1) allows us to compute the value of the integral when it 
semi-definite, then we must write the integral between t and T as the difference 


between two semi-definite integrals in the following way 
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and so we can finally write 
T O° Š 
Atit<T = (c* + p“) et T-0-)J, na eT 6-1) Sr hudu Jg 
T 


oo S 
= ay el 6-0- Audu dy. 
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Now, we can use the results shown in Proposition (5.1) and in Eq. (5.4.3) in order 
to write 
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and, after substituting for the feasible ratio in Proposition (7.1), we obtain 
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When we are in the distribution phase, the prospective reserve is 


oo S 
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and, after the suitable substitutions, we have 
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Both reserves can be written with a unique notation in the following way: 
it+t—m ies 
A= c*be Otn- +e Fp (- ($ +r)b er”) 


r(-@+r)b,e*) 


r(-@+nb,e 


x —1]. (7.4.1) 


t+min(t,T)—m ) 
ae 


With the parameters estimated on US males and females, the behaviour of the 
prospective mathematical reserve is shown in Fig. 7.3. 

This behaviour of the prospective mathematical reserve has an immediate 
interpretation. The value in fo is zero because of the feasibility condition. Then, 
while time passes, there are less and less contributions and, accordingly, until time 
T, the relative weight of the pensions increases. In T all the contributions has been 
received and all the pensions still have to be paid. Thus, the maximum amount 
reached in T coincides with the expected present value of all the future pensions. 

After T, the probability that the agent dies becomes higher and higher over time, 
and the value of A; asymptotically goes back towards zero. 


7.5  Fund’s Budget Constraint 


The budget constraint of the fund asks for the total expected positive cash flows to 
finance the total expected negative cash flows. The inflows to the fund’s portfolio 
are the initial wealth Ry and the contributions, while the outflows are the pensions 
and the final wealth R, that is withdrawn from the fund. In particular, if we assume 
that the fund can retain only a percentage q+ of its final wealth, the budget constraint 
of the fund can be written as 
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This equation can also be written as 
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t = seq(0, 75, by = 0.5) 
PMR = function(c, phi, b, m, r, tO, t) { 

c * b * exp((phi + r) * (t - m) + exp((t - m)/b)) * 
gamma_inc(-(phi + r) * b, exp((t - m)/b)) * 
(gamma_inc(-(phi + r) * b, exp((tO - m)/b)) * 

gamma_inc(-(phi + r) * b, exp((pmax(t, 
T) - m)/b))/gamma_inc(-(phi + r) * 
b, exp((t - m)/b))/gamma_inc(-(phi + r) * 
b, exp((T - m)/b)) - 1) 
} 
plot(t, PMR(c, phi_GM[1], b_GM[1], m_GM[1], r, to, 

t), type = "1", ylab = "PMR", xlab = “age") 

lines(t, PMR(c, phi_GM[2], b_GM[2], m_GM[2], r, tO, 

t), type = "1", lty = 2) 

grid(Q) 
legend("topleft", c("males", "females"), lty = c(1, 
2), bty = "n") 


Fig. 7.3 Behaviour of the prospective mathematical reserve (dashed line for females) with a 
Gompertz mortality low ( = 25, T = 40, and c* = 1) estimated on US citizens aged 25 in 
1933 
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If we recall the definition of PMR (7.3.2), we can finally write the constraint as 


w t 
Rn = An + EP p MaqrRie Po padiau] , (7.5.1) 


to 


Remark 7.1 If q; is constant over time, then this constraint can be alterna- 
tively written as if q = 1 and rescaling the contributions, the pensions, and 
the initial wealth by dividing them by q. 


The differential of this wealth, as already shown in Sect. 5.9, is computed as 
follows 


dR, = (R; (ri + At) — ki — dqt Ri) dt +...) AWS, 
or 
dR, = (Ri ri +1 — ar) At) — ee) dt +...) dW, 
where, now, we just have to define the diffusion term. 
When differentiating the wealth as in Sect. 4.3, we can write the wealth dynamics 


as 


dR, =w] dS; + we.dG; 
le dw; (dS; + S1) + Gidwe,t, 


where the “self-financing” condition implies that the second part of the portfolio 
must be 


dw} (dS; + St) + Grdwg = —krdt, 
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since the change in fund’s portfolio must finance the pensions and must be financed 
by contributions. 
Thus, after the substitutions shown in Sect. 4.3, we can write 


dR, = (R; (r; + (1 — qi) Ar) + wf Is (Mr — rr) — kr) dt 
+ w Isai dW, (7.5.2) 


which, under Q, is 


AR, = (Ri (ri + (1 — qÀ) ài) — k) dt + wl Is dT awe. 


Remark 7.2 We note that when the pension fund keeps all the residual wealth 
(qı = 1) at the death time of the pensioner, i.e. no fund is paid back to the 
pensioner’s heirs, the dynamics of wealth d R, does not depend on Àz. 


7.6 Pension Fund’s Ratios 


In the previous sections we presented the “reserves” and, in particular, the PMR ^z. 
The goodness of a pension fund management is often measured with other ratios. A 
well known ratio is the “funding ratio” which is computed as the value of a pension 
assets, i.e. the fund’s investments in equity and bonds, divided by the value of its 
liabilities, i.e. the current and future pension benefits to be paid out. 

With our notation, this funding ratio (F R;) can be computed as 


R; 


FR; = — 
y ka pžls>re ti an) 


In the previous sections we have already defined the fund’s wealth at time fo in 
(7.5.1). If we write it at any date t > fo, we have 


w T 
R: = A; + zQ p àsqs Rye™ t: ieie) 
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= A, + ER" [ac Reel coal . 


Thus, we can rewrite the funding ratio as follows: 
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’ 


7.7 Fund’s Optimisation Problem 137 


and since we require that F R, is greater than 1, this condition can be also restated 
as 


w 
FR > 1 4 ER; [grRre i n] > ER p c*lsere f ae, 
t 


i.e. if the expected wealth at the death time is greater than the contributions that still 
have to be received. 

Another ratio that is often used in the pension fund industry is the active to 
passive members ratios. In our framework, such an index is not suitable since we 
are dealing with the management of a homogeneous cohort and we do not compare 
cohorts of workers/pensioners belonging to different ages. 

In our framework, we manage fund’s wealth in order to be able to face the 
payment of benefits (pensions) by using the compounded value of the contributions 
that they paid themselves during their working life. Instead, the ratio between active 
(workers) and passive (pensioners) members is suitable when a fund pays pensions 
to a cohort by using the contributions paid by another (younger) cohort. This is the 
so-called Pay-As-You-Go (PAYG) scheme whose equilibrium requires a balance 
between the workers and the pensioners. 

If we call m, the number of workers subscribing to a pension scheme and 
paying contributions, and n; the number of retirees receiving pensions, the ratio 
active/passive is just on If we want to measure this ratio in monetary terms, then 
we must multiply m; by the average contribution and n; by the average pension. 

In our framework, the solvency of the fund is measured by the comparison 
between its wealth R, and the PMR A,;. We recall that A; measures the benefits 
that the fund still has to pay, net of the contributions that still have to be received. 
Thus, if, at any time, R, is greater than ^+, the fund is able (on average) to face its 
futures duties. 

We will show that the optimal portfolio strategy allows to have an optimal wealth 
that is sufficiently high to fully finance the value of the PMR. In other words, we 
could argue that our fund always satisfy the following condition 


where, on the left hand side, we have the wealth to PMR ratio. 


7.7 Fund’s Optimisation Problem 


A pension fund may have different objectives and in the literature many approaches 
have been considered. Here, we take into account one of the most commonly used 
approach which is to maximise the expected utility of the fund’s final wealth, i.e. 
the wealth at time t when the (representative) subscriber dies. The argument of the 
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utility is the wealth the fund has been able to obtain after paying all the pensions (at 
time T): 


max Et [v (Re o ne , (1.7.1) 


{Wrbrefig.z] i 


where the function pp is a subjective discount factor which accounts for the fund’s 
time preferences. The higher p; the more myopic is the fund. 
The objective function can be modified as follows: 


w t 
max Ep p neho putAudu yy (Rd , (7.7.2) 
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{wr}re[ro,o] 0 
and we will use a HARA utility function 


(qt Rt — a)! 
U (R) = —————__,, 
(Ry) — 
in which ô > 0 and « can be interpreted as a minimum level of wealth that must 
be reached by the fund. Here, of course, we assume that the fund takes utility only 
from the percentage (q;) of wealth that it can keep. 


Remark 7.3 The utility function can alternatively be written by collecting the 
term qr as follows: 
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where we see that the “subsistence” level of wealth to be reached is given by 
a/q, exactly because the fund will be able to retain only a percentage q; of 
the final wealth. 


The constraint of the optimisation problem can be written in terms of either a 
stochastic differential equation as in (7.5.2) or a static constraint as in (7.5.1). 


7.8 Dynamic Optimisation (the Martingale Approach) 


According to the martingale approach, the dynamic optimisation problem can be 
solved as a static problem where the control variable is the wealth. Instead of looking 
for the optimal portfolio, we then look for the optimal wealth and, after finding it, 
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we compute the portfolio which replicates the optimal wealth (of course we need 
the market completeness assumption). 

In the dynamic programming technique, instead, the solution to the optimisation 
problem is approached through a backward induction technique due to Bellman, 
which leads to a partial differential equation called Hamilton-Jacobi-Bellman 
equation. 


Dynamic Programming 
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dR, = (R; (ri + (1 — qi) At) + w7 Is (ur — re) — kr) dt 
+wiIsd/dw,, 
dz, =uzdt + QhdW,. 


The so-called value function is defined as 


(0) R = 1-6 a 
J (t, Rr, Zt) = max “Hf | Às Cis > 
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and the expected value of its differential dJ is computed (through Ito’s 
lemma) and maximised with respect to wr. 

The optimal value w; is obtained by solving the partial differential 
equation in J (which contains its derivatives with respect to t, R;, and z; 
and the second derivatives with respect to R, and z;). 


Martingale Approach 
(0) R hal 1-6 at 
max Enp f Às E E e Jo Put hudis gy : 
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The solution is the optimal wealth R*. Then the wealth at any time ¢ is 
computed 


(continued) 
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After differentiating R, through Itô’s lemma by recalling that 
dz, = uz dt + Qld W,, 


the optimal portfolio w; is finally obtained in order to make d R; replicate the 
differential equation: 


dR, = (R; (re + (l — qt) At) + wi Is (tr — rr) — ki) dt 
+ w Isd/ dW,. 


The maximisation problem at timeto is 
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under the constraint 
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In order to solve this problem we use the Lagrangian method and, after defining 
the (constant) Lagrangian multiplier /, we can write the Lagrangian function as 


(0) fs R = 1-6 
e a a Jo PutAydu (qsRs — a) Js 
0 1-6 
to 


“(6 


where now the control variable is Rs. 

Actually, with the martingale approach the original problem whose choice 
variables are the portfolio weights, is transformed into a maximisation problem 
whose choice variable it the wealth. Finally, this optimal wealth is replicated by 
using the market completeness hypothesis. 


Qo s 
f unke h a Iis Ro) 
t 


0 


7.8 Dynamic Optimisation (the Martingale Approach) 141 


Thus, now we have to compute the first order condition with respect to wealth:! 
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The two expected values are computed under two different risk measures. In 
order to simplify them we can write the expected value under Q as the equivalent 
expected value under the historical probability by using the Radon-Nydomin 
derivative (recall (4.9.2)): 
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The first order condition can accordingly be written as 
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The first order condition asks for this expected integral to be equal to zero. 
Nevertheless, we want this first order condition to be valid for each and any state of 
the world. This means that we can set to zero the integrand function? : 


oon pudu (qs Rs — a)~° — Imy,se Mo ruw 0, 
or 
1 
E si 7 
. ü 1 Z Jo rudu 
R = — + — | lmp,s —>— ; (7.8.1) 
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and the value of the multiplier / will be found through the constraint on the initial 
wealth Ry. We see that the optimal wealth is always greater than œ /qs as the form of 
the utility function implies. In particular, we stress that the optimal wealth is simply 
rescaled by the parameter qs. 


'We can avoid to check for the second order condition since we already know that the utility 
function has suitable properties for obtaining a well defined optimum. 


2If we want Sto [ i fas] = 0 for any state of the world, then we need to have So fsds = 0 but if 


we want this condition to hold for any time s (and not for the overall period) then we need to have 
fs = 0 for any s € [fo, œ]. 
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Now, we are interested in replicating the wealth R, at any instant in time t. In 
order to compute the differential d R;, we apply It6’s lemma to the constraint (7.5.1) 
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t 


where we can substitute the optimal value Rž: 
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Remark 7.4 We can see that the dynamics of the optimal wealth is not 
affected by the percentage q;. In fact, the optimal portfolio will be indepen- 
dent of q; because the optimal strategy aimed at maximising the final wealth 
is the same as the optimal strategy that maximises an exogenous percentage 
of the final wealth. 


Remark 7.5 We stress that the function H; coincides with the value of an 
insurance contract as in (5.3.3). Thus, we can write 


@ AY T 
H, := EÑ [f Aye =] = oi [e i a (7.8.2) 
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Since the martingale m,,,; is such that 
Mi1,s = Mt, tMt,s, 


we have 
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Remark 7.6 The function F; is the expected present value of a transformation 
of the price kernel (4.9.1): 
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Finally, the wealth of the fund can be written in the following way 


m 3 

to,t 
TP pore FG) + Ar Gi), (7.8.4) 
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R; (zt) = a H; (zt) + 


where we have indicated the functional dependencies of R;, H;, and F; on the state 


variables zz. 
Accordingly, the differential dR, can be computed by using It6’s lemma (by 


recalling that both functions F, and A; do depend on the state variables z,): 
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Since the wealth evolves according to (7.5.2), then replication asks for the 
diffusion terms of the wealth differentials (the optimal and the non-optimal) to be 


equal: 


1 
wl IgE] = 5 (Rr eH- Ane! (7.8.5) 
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Remark 7.7 Now, we can see that the market completeness plays a crucial 
role in this setting. In fact, if the market is complete, then the matrix ; is 
invertible (as shown in Sect.4.6) and there exists a unique solution to the 
previous matrix equation. 


If the market is complete, the optimal portfolio is 


R; — aH; — Ay 


Isw* = — = lg (7.8.6) 
a 
speculative portfolio 
pa 0A; R, — aH; — At =j OF; =] oAy 
03) — tO, a, M. 
: ‘ OZ F; . : OZ i i dz 
hedging portfolio 


The first portfolio component, the so-called “speculative component” coincides 
with the Merton’s portfolio. The second portfolio component, the so-called “hedging 
portfolio”, arises because of the need to hedge against the stochastic changes in the 
value of the state variables. 

The amount of money invested in the riskfree asset is, of course, obtained from 
the static budget constraint 


R, = (w)" St + wG. Get. 
Thus, we have 
Giwa, = R; — (w7)" Si = R; — (w¥)" Is1, 
where 1 is a vector of 1s. 


In the following sections we are about to describe in details the roles of each 
portfolio component shown in (7.8.6). 


7.9 The Optimal Wealth 


From (7.8.4) and from the optimal portfolio (7.8.6) we can easily see that the 
relevant wealth for the pension fund is not just R;. Instead, the fund’s decisions 
are based on a kind of corrected wealth given by 


Ê, = R; = aH; = Az, (7.9.1) 
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which is given by the nominal wealth reduced by the minimum amount that the fund 
wants to have at the end of the management period (œ H;), and net of the prospective 
mathematical reserve PMR. We stress that both œ H; and A; are amounts of money 
that the fund needs to “save” in order to be able to face its engagements. Thus, we 
can argue that once the fund has saved in each period the amount aH; + ^+, the 
remaining wealth R, can be freely invested in the financial market. 

Since at time fo we know that, by construction, A;, = 0, the cash flows of 
contributions and pensions perfectly finance each other and so at inception the fund 
does not need to saving more than a H;. 

Given the value of the function H; in (7.8.2), we can write its dynamics as follows 


oH, \T 
dH; = (Hi (rp + At) — At) dt + (=) alawe, (7.9.2) 
Z 


t 


while the dynamics of A;, given (7.3.2), is 


dA, \T T Q 
dA, = (Ay (re + At) — ky) dt + A Qhdw,. (7.9.3) 
t 


If we combine (7.9.2), and (7.3.2) with (7.5.2), we can write 
dÊ, =d R; = ad H, = dy 


= (& (rr + At) — àr (Gr Ri — a)) dt 
Q 0H; T Q oA; T Q 
+wlIsEldWy —a( — ) Qhdw, — | — |) awy, 
Oz 0 
and, after substituting the optimal portfolio, we get 


n f1 1 (aF,\t 
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Such dynamics allow us to conclude that the modified wealth R* grows at the 
rate r; + A; because of both the financial and the actuarial risk, but at any moment 
in time it could happen (with intensity 4;) that the management period suddenly 
ends (because of the worker/pensioner’s death) and the fund receives utility from 
the amount q; R¥ — a. 
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An alternative way for writing this differential equation is 
dR? = (RE (ri + 0 — qi) M) — M (qi (CH + Ar) — 0) ) dt 


fi 1 /aF\t 
Rt ( -ET + —(—*) ak awe, 
rt (sar + 2 (32) i) 


which is a function of just the modified wealth Re. 

We stress that without any actuarial risk (i.e. A; = 0), the dynamics of wealth is 
much simpler since under Q it simply grows at the rate r;. 

Finally, given (7.8.4), we know that 
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i as 

= ry 

R; = aH; i Ay l FM 11 


= 
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and since the right hand side is always positive and so is F;, we can conclude that 
the optimal wealth is always able to finance both the minimum wealth a, and the 
PMR A,. This means that, in such a framework, with a complete market where any 
risk can be fully hedged, the fund is always able to face its engagement. 

The condition that R; — aH; — A; > 0, is the kind of “ratio” that our fund always 
satisfies through the optimal investment on the financial market. 


7.10 The Speculative Portfolio Component 


In (7.8.6), if all the state variables are deterministic (i.e. Q; = 0), the only remaining 
portfolio component is the first one 


* R,; —aH; — At 


= =le a 
t1Q,-0 — 5 2; Er = Iswm,, 


Isw 
and this is the reason why it is interpreted as a “speculative” investment. In fact, 
if the state variables are deterministic, then there is no need to hedge against them 
and the only reason for investing in risky assets is to obtain a suitable return for 
financing the payment of pensions. 

The hypothesis that Q; = 0 is very strong. In fact, on the actual financial 
market: 


e the riskless interest rate is stochastic as shown in Fig. 3.1; 

e the risky asset returns are stochastic: on average, the returns on risky assets are 
quite stable over time and, nevertheless, they present a time varying volatility, as 
shown in Fig. 2.3 for the S&P500 index; 

e the force of mortality is stochastic if we want to take into account the longevity 
risk. 
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The portfolio component Jswy,; is usually identified with the so-called Merton’s 
portfolio, since it coincides with the optimal portfolio originally obtained by Merton 
(1969) who further assumed that 7;, y, and X; are all constant. In Merton (1969), 
of course, the portfolio is strictly self-financing and, thus, there are neither inflows 
nor outflows to the wealth. 

We see that the amount of each risky asset held in portfolio is: 


e proportional to the market price of risk &;; 

e proportional to the fund’s wealth net of both the minimum wealth to be reached 
and the PMR; 

e inversely proportional to the risky asset diffusion ;; 

e proportional to the fund’s risk tolerance (i.e. the inverse of the risk aversion); an 
infinitely risk averse agent (6 — oo) would invest nothing in risky assets and, 
accordingly, all the wealth would be invested in the riskfree asset. 


Given the equation for the market price of risk (4.5.1), we recall that the ratio 
between the market price of risk and the diffusion term of risky assets X, can also 
be written as 


Dlg = (EP E)) Qu —r:1). 


If we assume that: (1) & and &, are constant, (2) there are no contributions/pen- 
sions, and (3) the fund’s preferences belong to the CRRA family (i.e. œ = 0), then 
the portfolio simplifies to 


1 lat 
= 4SWM,t A;=0,0—0 — Ma $ 


Ri 
which means that the percentage of wealth invested in each asset is constant over 
time. With HARA preference and a PMR, the percentage of wealth invested in risky 
asset is given by 


1 aH, + At 1 ~| 
—I = | 1- ————_ | -È : 
R, SWM,t ( R, ); t Er 


In this case, even if € and & are constant, the percentage of wealth invested 
in each asset is not constant and its behaviour depends on the behaviour of both 
functions H; and A;. The dynamics of A; has already be shown in Fig. 7.3: it is 
increasing over time during the accumulation period and then it starts decreasing. 
The dynamics of H, depends on the behaviour of both A; and r;, as it is apparent 
from (7.8.2). 
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7.11 The Speculative Portfolio Component: A Numerical 
Example 


In this section we present the behaviour of the speculative portfolio component in 
a model where it is the only component of the optimal portfolio. In order to obtain 
such a result, we need the hypothesis that there are no stochastic state variables (i.e. 
Q; = 0). This implies that: 


1. the riskless interest rate is deterministic (we further assume that it is constant); 

2. the force of mortality is deterministic and follows a Gompertz-Makeham model 
like (5.4.2); 

3. contributions and pensions are deterministic and, furthermore, we assume that 
they are constant; 

4. the return on the only risky asset listed on the market has constant average (u) 
and variance (a2). Thus, the market price of risk is constant £ = a. 


Under these assumptions, the function H; in (7.8.2) takes the following value? 
09 S 
H, = f àse hi CHawddu gg 
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= 1 = phett 0ti-m)+e > r (- ($ + r) b, er) 
which can also be written, in differential form, as follows: 
dH, = (H; (r + At) — At) dt. 


Since r, c, and p are all constant, then the PMR is given by (7.4.1). Furthermore, 
the differential form of the PMR is 


dA; = (A; (r + At) =x k,) dt. 


If we finally call S; the price of the risky asset, the optimal portfolio in this case 
is given by 


R; —aH; — Ay w—r 
Şut = t = t s 


3This result can be easily obtained by using (5.4.3) and Proposition 5.1. Furthermore, the following 
property has been used: 


T(s+1,x) =sl (s,x)+x°%e. 
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and the optimal wealth follows the differential equation 
Ri == aH; = At 2 
dR, = | Rr + ——, 6 — k; | dt 
R; — a H, — A 
t = t t £dW,, 


which is a linear differential equation in R, whose solution, given the initial wealth 
Rn, can be found in closed form as shown in (3.3.3): 
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The expected value of R; at time tọ is 


(+36?) (10) 


to [Ri] = Rye 
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and, accordingly, we can conclude that this expected value is positive if the initial 
wealth is sufficiently high, i.e. 


ee ae 5—1 HLA 
tio [Rr] > 0 => Rp >f e (+38 )o to) (x+ - p22 = =) as. 
to 


This means that the fund’s wealth may become negative at a given point in time if 
the initial wealth is not sufficiently high. Since ô > 1, we note that the higher a, the 
higher the initial wealth for preventing the fund’s wealth from becoming negative. 
This result is in line with the budget constraint on the fund’s wealth: the initial 
wealth must be enough for financing the minimum wealth œ and, of course, all the 
other outflows. 

The simulation of the optimal portfolio can be easily performed in R through the 
following commands where we use as .numeric (condition) as the indicator 
function. In fact, it takes value 1 if the “condition” is true and 0 otherwise. 
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M = 10 #number of simulations 
N = 60 #number of years 


RO = 50 

age = 25 

to = 0 

T = 40 #time to retirement 
dt = 1/250 

r = 0.05 

delta = 2.5 


alphaR = RO #we want to preserve the initial wealth 

mus = 0.08 

SigmaS = 0.15 

xi = (mS - r)/sigmaS 

c= i 

p = c * (gamma_inc(-(phi_GM[1] + r) * b_GM[1], exp((age + 
tO - m_GM[1])/b_GM[1]))/gamma_inc(-(phi_GM[1] + 
r) * b_GM[1], exp((age + T - m_GM[1])/b_GM[1])) - 
1) 


H = function(t, age, phi, b, m, r) { 
1- r * b * exp((phi + r) * (age +t - m) + exp((age + 
t - m)/b)) * gamma_inc(-(phi + r) * b, exp((age + 
t - m)/b)) 
} 


R = array(0, dim = c(N/dt, M)) 
R[1, ] = rep(RO, M) 
ptf = array(NA, dim = c(N/dt, M)) 
for (i in 2:(N/dt)) { 
ptf[i, ] = (R[i - 1, ] - alphaR * H(tO + (i - 1) * 
dt, age = age, phi_GM[1], b_GM[1], m_GM[1], 
r) - PMR(c, phi_GM[1], b_GM[1], m_GM[1], r, 
age, tO + (i - 1) * dt))/(R[i - 1, ] * delta) * 
(muS - r)/sigmaS~2 
dR = (R[i - 1, ] * r + R[i - 1, ] * ptfli, ] * 
(muS - r) - (p * as.numeric(tO + (i - 1) * 
dt > T) - c * as.numeric(tO + (i - 1) * dt <= 
T))) * dt + R[i - 1, ] * ptf[i, ] * sigmas * 
rnorm(M) * sqrt (dt) 
Ri, ] = Ri - 1, ] + dR 


Through the previous commands, 10 simulations of both the optimal wealth and 
the optimal portfolio have been created. Now, we can plot them as shown in Figs. 7.4 
and 7.5. 

In Fig. 7.5, we see that, on average, the optimal speculative portfolio is decreasing 
over time during the A-Ph and then the riskiness increases slightly during the D- 
Ph. The reason for this behaviour is very intuitive: during the A-Ph the PMR is 
increasing since the fund can count on a stream of future contributions which 
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matplot(seq(age, age + N - dt, dt), R, type = "1", 

col = "gray", lty = 1, xlab = "age", ylab = "") 
lines(seq(age, age + N - dt, dt), rowMeans(R), type = "1") 
grid() 


Fig. 7.4 In grey we show 10 simulations of the optimal wealth for a pension fund that does not 
face any risk on the state variables (i.e. Q; = 0). In black we show the mean of the simulations 


becomes smaller and smaller, while the total amount of pensions that must be 
paid keeps unchanged. Thus, the fund must reduce the speculation and reach the 
retirement date with the lowest share of risky asset. Instead, during the D-Ph the 
probability that another pension instalment has to be paid in the period ahead 
becomes lower and lower and, accordingly, the fund can increase the riskiness 
of its portfolio. In our simulation, the initial wealth is invested in the risky asset 
for 58.8444157115043% on average. At the age of retirement the share of risky 
asset is 49.8908064057496% (on average) and at the age of 85 the share is 
51.3833872097995% (on average). 

The pure Merton’s speculative component, with neither minimum wealth nor 
PMR (i.e. æ = c = p = 0), would have a share of risky asset equal to 


wS lu-r 
R; 8 o? 


’ 


whose value is 53.3333333333333%, which is higher than the portfolio shown in 
Fig. 7.5 and is close, instead, to the optimal portfolio corresponding to a very old 
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matplot(seq(age, age + N - dt, dt), ptf, type = "1", 

col = "gray", lty = 1, xlab = "age", ylab = "") 
lines(seq(age, age + N - dt, dt), rowMeans(ptf), type = "1") 
grid() 


Fig. 7.5 In grey we show 10 simulations of the optimal portfolio for a pension fund that does not 
face any risk on the state variables (i.e. Q; = 0). In black we show the mean of the simulations 


age. In fact, for a very long financial horizon the PMR becomes closer and closer 
to zero and the relevance of the minimum wealth is fading away since the discount 
factor H, is very small for high values of t. 


7.12 Hedging Portfolio Component for Minimum Wealth 


In (7.8.6), among the portfolio components aimed at hedging against the stochastic 
state variables, there is one term that depends on the minimum wealth that the fund 
wants to reach at the financial horizon. This term can be written as 


Oo; 


IswHt := aE, 1M, 


and it is the product of two terms: 
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1. the derivative of the discounted value of a with respect to zz; from (7.8.2), we 
know that aH; is the expected present value of the amount «œ available at the 
death time T; 

2. the covariance between the risky assets and the state variables. In fact, since &; 
is invertible, the term £, l Q; can be written as 


E% = (E7 E) E], 


where £/ £; is the variance-covariance matrix of asset prices and £] Q; is the 
matrix measuring the correlation between the asset returns and the state variables; 
it is in fact true that 


C, [15 'dS,, dz] = E7 ade. 


Accordingly, £, ! Q, can be seen as the “beta” coefficient (ratio between correlation 
and variance) between asset returns and state variables. 

This portfolio component exists only because the fund wants to keep at least a 
minimum level of wealth at the financial horizon t. In fact, if we trace back our 
model to the CRRA case (with œ = 0), this portfolio component disappears. 

The presence of a deeply affects the optimal portfolio because of the stochastic 
behaviour of the state variables. At each instant in time, both 7; and 4; stochastically 
change and the term a H; changes accordingly. 

This portfolio term also vanishes if the covariance between the asset returns and 
the state variables is zero. Nevertheless, in this case, the absence of a hedging term 
does not depend on the fact that we do not need to hedge. Instead, its absence is due 
to the impossibility to hedge the risk by using the assets. In fact, the assets are not 
correlated with the risk that we want to hedge against. 


7.13 Hedging Portfolio Component for Prospective 
Mathematical Reserve 


The value of the PMR stochastically evolves over time and, accordingly, it is 
necessary to hedge the portfolio against the changes of A; at each instant in time. 

Together with the minimum wealth a, the amount of the PMR is what the fund 
must save in order to be solvable. In this framework, “to save” means “not to invest 
in risky assets”. The total reserve the fund must save at each time ¢ is given by 


a Hy; + A}. 
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The stochastic behaviour of this “total reserve” can be computed through Itdé’s 
lemma: 


dH, IANT 
d (aH; + A;) = (...)dt + |a— + — ] Q dw, 
OZ Oz; 


where the drift term has been omitted since it is immaterial to our purposes. Given 
the dynamics of fund’s wealth (7.5.2), we can find the portfolio that replicates, at 
any instant, such a reserve. As shown in Sect. 4.6, the replicating portfolio wa + is 
such that the diffusion term of d (a H; + A+) and the diffusion term of fund’s wealth 
are equal: 


T 


Since the market is complete (i.e. X, is invertible), the only solution to this 
equation is 


which is a component of the optimal portfolio (7.8.6). Thus, we can conclude that 
this portfolio component replicates, at each time, the total wealth that must be put in 
a reserve for being able both to have a sufficient level of wealth (œ) at the financial 
horizon (t) and to finance the net outflows. 

Also in this case the coefficient of this portfolio is £, ©, which measures the 
correlation between the asset returns and the state variables. 


7.14 Hedging Portfolio Component for Discount Factor 


The last portfolio component we have to analyse is the one which hedges the 
portfolio against the stochastic fluctuations of the function F; as defined in (7.8.3). 
From Sect. 4.6, we know that the price kernel m;,,; is a martingale, but any power of 
it is not. In fact, if we apply It6’s lemma to m;, for any real number «, we obtain 


d (mi) 


K 
Mit 


1 T 
= z“ (k = 1) &7& dt — KÅ, dW,, 


which is not a martingale since its drift is not zero. 
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We can check whether there exists a function of time f, that allows to transform 
mý, into a martingale in the following form: 


d (mafi) (af, 5 
meh =(45+5 =k (k — 1)&, Tey) at — dW;. 


Thus, the function f; must solve 


afr 1 
—— =i =0, 
at rae) Py Ue élé = 
with the boundary condition that fọ = 1 in order to preserve the martingale 


property. This differential equation has a unique solution 


f= er IK WD fg Bods 
We can accordingly conclude that if my,! is a martingale, then 
1 t 
=a) fi BEd (7.14.1) 


K 
Mite 


is a martingale too. 


Remark 7.8 The martingale my, allows to switch from the historical to the 
risk neutral probability through Girsanov’s theorem: 


dWe = &dt +dW,. 
The new martingale (7.14.1) allows to switch from the historical to a new 


probability that we could call Q, (since it depends on the parameter «) and 
the corresponding Girsanov’s theorem is 


dW = dt +dW,. 


The function F; can be written under a new probability measure with three 
passages: 


1. we switch initially from Q to P: 


1 = 
F, = rl [me adaa 


1-1 t 6-1 1 
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2. then we use the previously defined function f; (with k = 1 — 5) to write 


1 1 ot(i-3) a N Seeds NEON, 
F; — H m rr e) ty rut 5 pudu 
ora) th ET Eds 


3. and, finally, if we define the new probability by 


1 
3 E,dt+dwW,, (7.14.2) 


dws = 


we obtain 


_ rt (bel 1 1 5-1 1T 
F, = P [e S (Strut fou 5254 38 ne l (1.14.3) 


where we see that the function F; is the expected value, under a new “subjective” 
probability measure, of a discount factor which is a combination of: (1) the 
riskless interest rate, (2) the subjective discount rate, (3) the square of the market 
price of risk, and (4) the force of mortality (implicit in the stochastic death time 


T). 


Remark 7.9 If an agent has log preferences (i.e. 6 = 1) then, the function F; 
is computed under the historical probability, in fact: 


d wes 


= dwW,. 
1 


Instead, if an agent is infinitely risk averse (i.e. ê —> oo) then he/she computes 
F, under the risk neutral probability, in fact: 


d we s 


= ¿dt + dW; =dwe. 
—> 00 


The new “subjective” probability measure Qs; is a weighted mean of the historical 
and the risk neutral probabilities. It is easy to show that by using twice Girsanov’s 
theorem: 


daw = (1 = i) tdt + dW,, 
dWe = &dt +dW,, 
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the following result is obtained 


1 1 
dw = (: = 5) dwe + 5 dW. (7.14.4) 


Since ô is a positive parameter, the terms ; and 1 — ; are positive and sum up to 
1, that is they are the weights of a weighted mean. The higher the risk aversion ô, 
the closer the subjective probability (Qx) to the risk neutral probability (Q). 

The same weights are used for the discounting rate in defining the function F; as 
in (7.14.3). The term 1 is the weight of the subjective discount factor pr, while 1 — ; 
is the weight of the riskless interest rate, and this result is consistent with (7.14.4). 


Remark 7.10 When the risk aversion (6) tends towards infinity, the subjective 
probability Qs coincides with the risk neutral probability and the discount rate 
in F; coincides with the riskless interest rate: 


a a ee aa 
im (1— = |r: += —_ = Pic 
Ty RG g re 


Thus, we can conclude 


lim F; = H;,. 


ô—> 0 


The portfolio component that hedges against the stochastic changes in the 
function F; is 


which contains the semi-elasticity of F; with respect to the state variables z 4 


The presence of this component in the optimal portfolio comes from the need to 
hedge against the stochastic behaviour of a discount factor that accounts for all the 
risk sources on the financial market and takes into account also the risk aversion (ô). 

The results shown in the last sections can be summarised as in Table 7.1 where 
we split the portfolio into three components: (1) the speculative component, (2) the 
component which replicates the total reserve œH; + Ar, and (3) the component 
which hedges against the stochastic shocks on the discount factor F;. 


Recall that +E = oor 
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Table 7.1 Components of 
the optimal portfolio for a 
pension fund, as shown in 


(7.8.6) Replicating | [sway = EO Ce + jar) 


Type Algebra 


Speculative | Iswm, t = Road yr le, 


Ri—aH,—A; -lo OF; 
t F LE, Q t 


Dz 


Hedging Iswry = 


7.15 The Case of an Incomplete Market 


When the market is incomplete (i.e. the matrix XT is not invertible in (4.5.1)) it is 
not possible to replicate the optimal wealth, since the matrix equation (7.8.5) has no 
solution. This means that we cannot find any portfolio that is able to behave exactly 
like the optimal wealth at any instant in time. 

Let us call TI] the right hand side of (7.8.5), then the market incompleteness 
implies that the following equation has no solution: 


wl Is] =N]. 


One alternative strategy, in this case, would be to find the portfolio that allows to 
stay “as close as possible” to T];. The distance to be minimised can be computed in 
many different ways and one of the most common is the square distance. Thus, we 
can look for the minimum-least-square-portfolio (MLS) 


WMLS.1 = arg min (w Is) —TI}) (£Isw: — IM). 
t 


The first order condition (FOC) on this problem is 
QIsD) Er ISWMLS.t — 2Iig=/ Tl, = 0, 


while the second order condition asks for the matrix 2 È; to be positive definite, 
which is always true for a variance-covariance matrix. The only solution to the FOC 
is 


—1 
Iswuis, = (£72) 27 Th, (7.15.1) 


where the variance-covariance matrix is invertible because of the non arbitrage 
condition. In fact, the market is arbitrage free if, after eliminating all the redundant 
assets, the number of assets is not greater than the number of risk sources (i.e. 
Wiener drivers). This implies that the matrix ©] has full row rank and, accordingly, 
»/ X, is invertible. 

If we compare the optimal portfolio in (7.8.6) and the MLS portfolio in (7.15.1), 
we see that the matrix £, l in the complete market is substituted by the matrix 


(£7 ayo »/ in the incomplete market. 


7.15 The Case of an Incomplete Market 159 


The (square) minimum error is 
min (w ISE] — O7) (2Tsw, — Th) 
t 


<1) (1 saa 5) Ty, 


where the matrix (J — £; (x; z) 5 ) is idempotent and it measures, in some 


way, the degree of market incompleteness. Of course, if the market is complete, 
i.e. the matrix El is invertible, then this idempotent matrix is zero, and the MLS 
portfolio coincides with the optimal portfolio: 


J ey => WMLS,t = w*, 


and, accordingly, the MLS portfolio perfectly replicates the optimal wealth. 

In an incomplete market there exist infinite vectors &, i.e. market prices of 
risk, that solve (4.5.1) and, accordingly, we have to choose one of them which 
is consistent with the minimum least square approach. Thus, we take the market 
price of risk £; that minimises the square £; £, under the condition that there is no 
arbitrage on the financial market. In algebraic terms: 


EMLS,t = arg me Er Er 
s.t. 
Elé, = u = rl. 
The Lagrangian of this problem is 
L= Eli —17 (Elé — m +r), 
where / is the vector of the Lagrange multipliers. The first order condition is 


ƏL 
JE; EMLS,t t 


and the second order condition is trivially satisfied for a minimum. The candidate 
for the minimum is 


1 
EMLS,t = 5 uel, 


which can be substituted into the constraint in order to obtain the value of the 
multiplier 


= 
=) EMLS,ı = m-rli=>l=2 (£7 Zr) (ur — r1). 
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Thus, we can finally write 


-1 
EMLS,t = Xi (£7 £) (Mt — rr), 


which is consistent with the whole framework. In fact, also in this case, the matrix 
(27 J5! is substituted by £; (x z) and they coincide when the market is 
complete. 


7.16 The Role of Longevity Bonds and Ordinary Bonds 


In this section we present the case of a pension fund that faces two risks: the interest 
rate risk and the longevity risk. Accordingly, we model r; and A; as the solutions to 
the following stochastic differential equations: 

dr; = py (t, 4) dt + 0r (t, re) dWet, 

dàt = [a (t, Ar) dt + 0x (t, àt) dWa.,t, 


where we have assumed that these two processes are instantaneously independent, 
i.e. C; [dr;, dàr] =0. 


Remark 7.11 Itis very important to stress the difference between indepen- 
dence and instantaneous independence of two stochastic processes. Given the 
two processes 


dx; = Ux (t, Xt; yz) dt + ol dW, 

dy; = by (t, xr, yi) dt + oy dW, 
they are instantaneously independent if ol ty, = 0, even if they are not 
independent since their drift terms depend on one another. Thus, we can 


conclude that the instantaneous changes in x, and y; are independent, but 
the processes x; and y; do depend on each other. 


On the financial market three risky assets are listed. 
1. A zero-coupon bond whose value is: 


dB (t, T) _ 


BT) = (r, + VB,rorér) dt + VB rord Wrs, 
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and which can be seen as a derivative on the interest rate r;, where the term Vz, 
is the semi-elasticity of the bond with respect to the interest rate: 


_ OB, | 


VB r := — —. 
BT ort B; 


This semi-elasticity is often approximated through the duration. 
2. A stock: 


d§, 
— = (rr + oss + osr) dt + osd Ws, + o5rd Wr 
t 


which is correlated with the bond but which is also driven by a risk source of its 
own. Note that the instantaneous correlation of the two first risky assets is 


E (t, T) dS; 
ERRER 


, — | = VB rOrOsrdt. 
BGT) >] B,rOrOSr 


3. One risky asset which is a derivative on the human life (actuarial bond) whose 
price solves: 

dL (t, T) 

LET) = (rı + Vi roré + V,.026) dt 

F VL, rord W,t P VL aod Wit, 


where Vz „ and Vz, are the semi-elasticities of this bond with respect to the 
interest rate and the force of mortality respectively: 


ƏL,T) 1 aL(t,T) 1 
VL, = ———— o Vra = — ; 
ar, L(t,T) a L(t, T) 


Here, we assume that the actuarial asset is correlated with both the interest rate 
and the force of mortality, but it is not correlated with the stock. 


If we define d W, as the vector which contains all the Wiener processes 


dW,.1 
dW, =| dW, |. 
dWst 


lt 


then the dynamics of the vector of the state variables zt = |; | can be written as 


t 


dW, 
dr; Hr or 00 i 

= dt ; 

a pi ss | 0 o 4 ae 


— dWs, 
QT 
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while the financial market can be summarised through the following matrix 
differential equation: 


dB(tT) 
| BGT) | rt + VB,rOr$r VBror O 0 dWr, 
= rr + osés + Osrér dt+| osr 0 os || dW 
| ER rt +VL,rorér + VL non. VL, ror VL a0 O dWs + 
ee sae 2) 
LT 


This market is complete since the matrix D is invertible (in fact, its determinant 
is — VL, 200S V B,rOr # 0) and its inverse is 


gla Lori MEP tad oe Ona 
i VB ,rOr VBrVLAC. VB roros 
x; = 0 0 os 
1 
0 VL, a0). 0 


The matrix products necessary for computing the optimal portfolio are as 
follows: 


-i VE oa 
i VB,rOr VB r VL AON VB roras or 0 
x, Q: = 0 0 os 0 o 
= 00 
0 VLAD 0 
1 _ Vir 
Ver VB rVLa 
= 0 0 j 
1 
0 VLA 
1 =< Vir bes OSr 
i VB,rOr VB, r VL AO VB roras §, 
2, é= 0 0 a Ey 
1 
0 VLAD 0 Es 
&r _ VL rér _ osrés 
VB,rOr = VerViao. = Vr ores 
= Es 
= 28 
én 
VL, a0). 


Since there are two state variables on this market, then the vectors or and oe 
contain two terms each and can be written as 


OF; OAr 

oF |e), Sal 
t $ t 

Oz ðAr azt OMt 
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Finally, the following products are computed: 


1 = Vir 1 OF, = Vir OF 
n ôF; Ver VB rVLa Lo VB,r Ot VB,r VL OAL 
x, Q— = 0 0 ar, = 0 ; 
dzi 0 1 Dar LaF 
VLA VLA oàr 
1 Vir 1 oAr = Vir OAr 
aA Ver VBrVLa OAL VB,r Ort Var Via Ot 
—1 t ort 
xy ite. = 0 N, = 0 . 
t 0 1 IAr l oA, 
VLA Via odr 
and the optimal portfolio is 
ér _ VL rér = osrés 
B(t,T) wB, Re a VB, Or VB,r VLAOD VB rOros 
Siws,t =~ a — as 
L(t,T)w ên. 
(t,T) wrt SET 
1 oF  _ Vir ôF 
R; — A; VB,r Ort VBrVLa OAt 
0 
F Lak 
Via Olt 
1 dA, Vir Ar 
Ver Orr VBrVi a Oat 
+ 0 , 
l Ar 
Via OAr 
or, in other terms: 
R; — A^ o R,-A 1 OF, 1 OA 
Bit, T) ws , = t t ( &r _ SréS ) + t t baa t 
i ô VB,rOr VB ores Fy VB, r ðr Vir Ort 
a A 
Bt.T)w's o 
V 
- LLE, T) w$ ;, (7.16.1) 
B,r i 
R; — A 
Siw§ == 3, (7.16.2) 
Rr-—A R,-—A 1 OF 1 oA 
L(t,T) wt , == e gf IE = BE oe Ae (7.16.3) 
> ô VL, AO F; Via OAt Via OAt 


From this result we can draw some relevant conclusions. 


. The stock does not play any hedging role and it is just used for speculative 
purposes. All the hedging portfolio components, in this case, are optimally set 
to zero and only the Merton’s speculative component remains. Even if the stock 
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is correlated with the bond, we see that the stock is not used for hedging against 
the interest rate risk. This means that, in this optimal portfolio, only the risky 
asset with the highest correlation with the interest rate risk is used for hedging 
against that risk. 

2. The demographic asset is used just for hedging against the demographic risk, 
even if this asset is correlated with the interest rate. In fact, in the optimal 
demographic asset allocation there are no derivatives with respect to the interest 
rate. This result is consistent with what we have already argued in the previous 
point: only the risky asset with the highest correlation with the longevity risk is 
used for hedging against that risk. 

3. The money that must be invested in the demographic asset is partially taken from 
the money invested in the bond and partially form the money invested in the 


riskless asset. The proportion taken form the bond is oe 


=, which is the ratio 
between the semi-elasticities of the actuarial and the ordinary bond with respect 
to the interest rate. If we assume that these two bonds have the same semi- 
elasticity (duration), then the amount of money to be invested in demographic 
asset is fully taken from the money invested in ordinary bond. 

4. The ordinary bond is used for hedging against both the demographic risk and the 


interest rate risk. In fact, it contains both derivatives with respect to r; and àz. 


7.17 The Role of Longevity Bonds and Ordinary Bonds in an 
Incomplete Market 


In this section we take into account the same framework as in the previous section, 
but without the possibility to invest in a demographic asset. In other words, we study 
the case of an incomplete market. In this case the market can be summarised through 
the following matrix differential equation: 


dB(t,T dW, 
BOTY _ rt + VB,rOr&r dt + VB, ror 0 0 n. 
S ri + Osés + Osrér osr 00s MEE 
i dWs 


yT 


where we see that there is no asset which depends on the risk source given by dW, r. 
Here, the market prices of risk £, and £s must be interpreted in the “least square” 
sense we have exposed in the previous sections. 
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In this framework, one relevant matrix is the following one: 


Gra oY 


=i 


Vv 
hes 00 | o i we 0 0 | 


osr Oos O: sia osr Oos 


(ETE) ET 


and 


(E72) El émis = (E] £) Qu — r11) 


2 2 
E 1 og, HOS —VB,rOrOSr VB,rOr&r 
ve Ber —VB ,rOrOsSr Vz 2 


B,rOr osés + osréy 
Isr —OsrEs 
= VB, rOros 
[e2] 
os 
Finally, the portfolio hedging components are obtained as follows 
z aF, L o|] 2 1 3E 
(=) £;) l EI Q — = VB,r En = VB,r ory ; 
dz 0 O}| ax 0 


“ice, aa, fo] [gra 
(ETE) to,— = | Yer Be | = | Var an | 
dz 0 0j] a, 0 


and the optimal portfolio is 


|” (t, T) ves) R -4r l TA A ve | 


* 
SiWMLs,s 
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Table 7.2 The comparison between optimal portfolios in three models: (I) a complete market 
whose only state variable is the riskless interest rate, (II) an incomplete market where there exists 
a longevity risk which cannot be hedged because a correlated asset is missing, (III) a complete 
market where a longevity risk can be hedged because of the presence of an actuarial asset 


I Il Il 
Longevity risk No Yes Yes 
Longevity asset No No Yes 
Completeness Yes No Yes 
Optimal ptf. (bond) BE TG o B (t, T) w$ o — SL G, T) w, 
Optimal ptf. (stock) Siwy 1 Siw% , 
Optimal ptf. (longevity) - L(t, T) uz, 
MLS ptf. (bond) B(t,T) wig 
MLS ptf. (stock) |S ws; 


MLS ptf. (longevity) - 


or, in other terms, recalling (7.16.1) and (7.16.2): 


B (t, T) WMLS.B =B (t, T) Ww 0» 


* _ * 
SrtWMLS,S = Siw% 


This MLS portfolio coincides with that obtained in a complete market without 
any longevity risk. These results are summarised in Table 7.2, from which we can 
draw the following conclusions. 


1. In an incomplete market where the longevity risk is present but there are no assets 
which may allow to hedge against that risk, the MLS strategy is to behave as if 
the longevity risk did not exist at all. 

2. When a new derivative written on the force of mortality (i.e. a demographic asset) 
is introduced in such a market, it becomes complete. Thus, the optimal portfolio 
exists and is unique. More precisely, it is given by the previous MLS portfolio 
where the money to be invested in the demographic asset is partially taken from 


the investment in ordinary bonds (Set) and partially from the investment in the 


riskless asset (1 — yi). The proportions are chosen based on the ratio between 
the duration of the demographic bond and the ordinary bond. 


7.18 The Inflation Risk 


A pension fund manages its wealth for a period of time whose length can be even 
longer than 50 years. For instance, let us think of a young worker who starts 
contributing when he/she is 20, retires when he/she is 70, and dies when he/she 
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is 85. During such a long period of time, the inflation risk may strongly affect the 
pension fund. In this section we show how to take into account such a risk in the 
optimisation problem. 

The first step is to model the Consumer Price Index (CPI) P; as a stochastic 
process: 


dP, 
2 = mdt +0} ,dW,, 
P, s 


where 7x; is the instantaneous inflation rate, i.e. the relative change of the CPI. 
Of course the inflation rate may be stochastic itself and so also mz; may follow a 
stochastic process or be function of the stochastic state variables zz. 

If we assume that the CPI is affected by a risk source of its own, then the market 
remains complete if and only if there exists a derivative written either on the CPI 
or on the inflation rate. The Italian Government, for instance, issues two kinds of 
bond called “Buoni del Tesoro Poliennali indicizzati—BTPi” (Multiyear indexed 
Treasury Bills) and “Buoni del Tesoro Poliennali Italia—BTP-Italia” (Multiyear 
Treasury Bills on Italy) that are indexed to the European and Italian CPI respectively. 

Now, we can assume that the objective of the fund is to maximise the expected 
utility of the real wealth, which is defined as the ratio between the nominal wealth 
and the CPI (#2). 

The variable q in the utility function plays the role of a minimum wealth. When 
the wealth is measured in nominal terms, also œ mast have the same magnitude. 
Thus, we normalise by the price level also the level of a, and the instantaneous 
utility function is 


1-5 
Roa 1-5 
(# £) 5-1 (Ri — a) 
—_—— = Pr — 
1-6 
The objective function can accordingly be written as follows: 
y!-6 


p (0) R,-a _ 8 
max En f Às po (Cid? a à e Jo pa Hauda dg A 
{Rs} sefig.o] to j 1 a ô 


By following the same procedure presented in the previous sections, we find the 
very same function H,, but a different discount factor 


w 1 1 s( 8—1 1 
-Q t ( rytaAuts Jau 
Fp, = E; p As Ps m, se IA Ee gee as| 
t 


— wQs.t pe? pS Een | 
T A 
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Accordingly, the optimal portfolio has the same form as that obtained without 
the inflation risk, with the exception of the function F, that must become Fp +. 

We can see that the price level P, affects the function F; (and then optimal 
portfolio) through the agent’s risk aversion. In particular we can see two particular 
cases. 


e For a log investor (with ô = 1) the inflation risk does not affect the portfolio. In 
fact, in this case, the exponent of the CPI is zero. 

e For an infinitely risk averse investor (with 6 — oo), it is the CPI itself that affect 
the portfolio since the exponent of the CPI is 1. 
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Chapter 8 A 
A Workable Framework Geek for 


8.1 Introduction 


The model we have solved in the previous chapter is very general and is able to 
accommodate many frameworks with a lot of different dynamics for both the state 
variables and the asset prices. 

The values of the functions H;, F;, and A; in (7.8.2), (7.8.3), and (7.3.2) 
respectively, can be obtained through numerical simulations, but the computation of 
their derivatives with respect to all the state variables is more difficult and requires a 
much stronger effort in terms of simulations. This is the reason why we often prefer 
to define the stochastic processes of the state variables in such a way that H;, F;, 
and A; have a closed form representation. This is the case, for instance, when the 
state variables follow square root mean reverting processes. 

In this chapter we present a framework that can be solved with numerical 
simulations and we show the empirical dynamics of the optimal portfolio by 
calibrating the state variables and the asset prices on the US data. 


8.2 The State Variables 


Here, we assume that the force of mortality follows the same process already defined 
and estimated in (5.7.2): 


1 1 it+t—m 
du =o] ¢+(— +1)eer -a dt + oxs/Md Wh., (8.2.1) 
œ), 
Bat 
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and, accordingly, the upper bound of the domain of the death time Tt is infinite (i.e. 
w > œ). 
The interest rate follows a CIR process as defined in Sect. 3.4: 


dri = dr (By — re) dt + or s/rtd Wet. (8.2.2) 


Finally, we assume that the worker pays a constant percentage of his salary 
into the fund. Furthermore, we assume that the contribution follows a geometric 
Brownian motion: 


dc 
— = uedt + ocr y/ Tid Wri + 0c Ad W41, (8.2.3) 


Ct 
which is affected by two risk sources: that of the riskless interest rate (W, +) and that 


of the stock on the financial market (W4). The instantaneous correlation between 
the changes in c; and ry is set proportional to the level of the interest rate itself 


Ct 


d 
Cr Ee an = Oc, rOrridt, 


and this assumption is needed for being able to find a closed form solution to the 
PMR. 
In matrix notation, the state variables can be written as 


dàt Q (Bat = a1) 0 0 Osy Àt dWat 

dr, | = ay (Br — ri) dt + 0 Or J/Tt 0 dW,.1 

dc CthHe CtOc,A C10 ¢,rJTt 0 dW). 
ar dw, 


t 


Remark 8.1 We assume that the worker wants to obtain a fixed pension p 
during his/her retirement and the fair value of this pension (p*) is obtained by 
setting the PMR to zero at the inception. 


The assumption that the level of contribution is affected by the risk source of 
the financial market is justified because contributions are proportional to wages and 
they depend on the performances of the hiring firms whose future expected profits 
are embedded in their price on financial market. 
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Remark 8.2 The three risk sources introduced in this section are of course 
independent on each other. This means that we are assuming that the interest 
rate r; and the force of mortality A; are instantaneously independent. Not only 
does this hypothesis allow to significantly simplify the computations, but it is 
also quite weak. 


Since in our model we have introduced three risk sources, we assume that four 
assets (one riskless and three risky) are listed on the financial market. The riskless 
asset has already been defined in (4.2.2). In the following sections we define the 
other risky assets. 

Now, if we want to keep unchanged the statistical properties of these processes 
even under the new probabilities Q and Qs, we must assume that the market prices 
of both the interest rate risk and the longevity risk have the following forms 


&, = Kr Jt, E = KV Ar, 


while the market price of risk for the stock market (£4) is assumed to be constant. 
Thus, under these assumptions, we can write (8.2.1)-(8.2.3) as follows (recall 
(4.7.1)): 


t= ese) | 5 pa onV/udWwe,, (8.2.4) 
Se |] on ton i 
Q — amm 
a, Q 
Px 
ay By Q 
dr, = (oly + ror) | —“tPY -r | dt +0, raw, (8.2.5) 
——— | a + Ky Oy , 
Q — am 
ar Q 
Br 
dc 
= = (uec — Oc, AA — KrOc,rrt) dt + Oc,ra/ rid We, F oc AdWẸ,. (8.2.6) 
t 


The behaviour of these state variables under Q; is definitely similar and, recalling 
(7.14.2), it can be obtained just by substituting & by (1 — t) Er. 


There is another rate which is relevant in the optimisation problem: the subjective 
discount rate p;. Here, we assume that it is constant, so some computations are 
significantly simplified, without any detriment to the quality of the results. 
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8.3 The Auxiliary Functions 


The function H, in (7.8.2), because of the independence between r, and 4; can be 
simplified as 


[0,0] 
n= [ EP [ase Jt te | BP [em fe tt] ds, 
t 


The function F; in (7.8.3) and (7.14.3) contains the square of the market price of 
risk £. Under the hypotheses made in the previous section, this square is 


ETE, = Kr; + ae + E7, 


and so F; can be written as 


o0 1 ô—1 1 2 S 
P = Gre 2) ff Aud 
F, =f i [ae (1435 bed) feu j 
t 


The value of the PMR under the probability Q is given by 


oo 
At = zQ p (p*ls>r _ csIs<r) andi aaa] 
t 
s s S 
=» f Is>7 zQ [e J | zQ [e J a Ag 
t 
j $ s 
-f Is<T zQ [eve Si an 02 [e J a ds, 
t 


and it can be written as a piecewise function for t < T and t > T: 


p* SE vQ [e SE wee] zQ ard aad ds 
A.=} —f EP [ese fi rudu | EF (e7 dudu | ds, t <T 
p* hag zQ [es we] zQ [e= e ds. t>T 


= 
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Remark 8.3 The equilibrium value of the constant pension p* is such that 
An = 0, 1.e. 


1 i [ese eee) i [e aaa ds 
PEE A or A 
Sr zQ [e m] zQ [e Ee ds 


to 


Thus, we see that there is a common term that can be computed in order to find the 
values of all these functions. For this purpose, we rely on the result of the following 
proposition. 

Proposition 8.1 Given the following stochastic differential equation 


dx; =a (hı —x;)dt +oa./x;dW,, 


for any real constant u, v, and q, we can write 


if 
y [u + vxr) e~t s] 


s AJ 1h AJ; 
u +av fT Bse =-0° J; COdi gg + yet T -0-0 f, COdi y, 


? 


e% Ji Cs)Bsds+C(e)xr 


where 
k := a? + 20°4q, 
l=” E=) 
C (t; T, a, 0, g) = 2q —————— r, 8.3.1 
( OS 2 rarer Ry NST) ee: 
and 


1 2 koh — oles a) 2q 
C (i)di = — In | ——————— —— (T —tf). 
I Ji ain( 2k Jace ) 
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Proof. By using It6’s lemma, we know that the function 


T 
Y (t, x4) = E; [ w + vxT) eth a 3 
must satisfy 


oy ƏY LOY 
— [Â — — — = Y 
ar m xe) + 5 m Xt = Gx", 


with the boundary condition 
Y (T, xr) =u + vxT. 
Now, we use the guess function 
PUDE EO TDO E 
where the function A, C, E, and D must be computed in order to solve 


the previous differential equation. The boundary condition translates into the 
following conditions: 


E (I) S= u, 
D(T) =v, 
A(T) =0, 
C =. 


Once the partial derivatives of Y are substituted into the differential 
equation we obtain! 


(Ey |e 
Tu ms ee. x oF 


+ (D — (E+ Dx;) C) a (br — xt) 


dE dD ( dA OC ) 
t 


1 
+5 (-2cD 4+ (E+ Dx) c’) o2x, — qx: (E+ Dir)» 


'For the sake of simplicity, we have omitted the functional dependencies (except for the function 


Br). 
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which is an ordinary differential equation in A, C, E, and D. Since this 
equation must hold for any value of x; then we can split it into three ordinary 
differential equations as follows 


0= Æ + Daf, — E (44 + Cap), 
0 = 4? — Da — CDo? — D ($ + Cap) , (8.3.2) 
0= © +q -aC — 5C’o? 


We immediately see that the value of function C (t) can be computed from 
the third equation. With the suitable boundary condition the only solution of 
the differential equation for C (t) is given by 


ie e TOV a2+202q 


C (t) =: 2g? Se _—.. 
Gat CP 2c Go (Va? +2074 - a) e~ (T -D4 a?+20?q 
The values of all the other functions can be written in terms of C (t). From 
the second equation in System (8.3.2) we see that D (t) = 0 is actually a 
solution to the equation. This solution also satisfies the boundary condition 
D (T) = 0, which is compatible with E (T) = 1. If we set also E (t) as a 
constant (i.e. 2 = 0), then the first equation in System (8.3.2) implies that 


0A (t) 
ot 


= —C (t) afr, 
with the boundary condition A (T) = 0. The only solution of this equation is 
T 
A(t)= f C (s) aBsds. 
t 


Given this value for A (t), the two first equations of system (8.3.2) become 


JE 

AU = -D web, 

aD(t) _ 3 
F =D 0 («+C (0°). 


We now compute the value of D (t) from the second equation by obtaining 


D (t) = ve” Jy (@+C wo?) du 


(continued) 
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and the value of E (t) can then be computed from the first equation 
I 
E(@)= ura D(s) Bsds, 
t 


and the result of the proposition follows. Oo 


Finally, the last term we need is the discounted value of the contributions that can 
be computed in closed form as shown in the following result. 


Proposition 8.2 Given the stochastic differential equations (8.2.5) and 
(8.2.6), we can write 


zQ [ere Ie | = ce Me %e.AbA) (T—1) 


a2 pL i c(s: TAP —0;0cr 0r, 14K er )ds 
ae 


-c(t Tae —o,6¢,y „Or, +k Ger ie 
xe ’ 


where the function C (t; .. .) is defined in (8.3.1). 


Proof. If we call Y, the expected value that must be computed, It6’s lemma 
can be applied to it for having 


OY, OY, ay, 

ny; = oe FP To (Me — Oc, AA — Kr Oo? t) ae ao (6° = r) 
10°Y; 9/9 2 1 a ə3?Y, 
7 ace Ci (02,7 3> ata) ae Ion Ty + nore eee 


The guess function for solving this differential equation is 
Y, = ce 40-COn 
whose final condition is 


Yr =cr, 


(continued) 
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which implies the final conditions 
A= CU =, 
Once the guess function is substituted in the differential equation, it gives 


0A (t) D aC (t) 
ot ot 


rY, = Y; (- n) +Y, (uc = Oc, AEA = KrOc.r!1) 


1 
— C (0) Yea? (BR — ri) + C (0? SKeozry — CO) Yroroert 


that can be split into two differential equations, one that contains the term that 
are multiplied by r; and one that contains the terms that are not: 


j= 0A (t) 


at — pe + 5c, aEA +C (thal pe 


OC (t , 
0 = ( = ) + 1 37 KrOc,r en C (t) («2 = oroc) pee G @- 507) A 


Thus, the function C (t) that solves the second equation has the same form as 


the function C (t) in (8.3.1), where q = 1+k,o¢,- and œ = ae — Or Oc,r, and 
the function A (t) has the form 


I 
A (t) = — (te — o¢,a€a) (T — t) +f C (s) a2 peas. 
t 


Given the result of Proposition 8.1, we can immediately check that 


2 BR fore f rt] = LBR epe Sl rat) 


aci Ct 


and, accordingly, the value of the derivative of the PMR with respect to the 
contribution is: 


JA J-L ES [ese f radu) zQ [e adu ds, t<T 


(8.3.3) 
dcr 0. t>T 
In fact, after the retirement date, we are taking into account the case of constant 
pensions (equal to p*) and there is no more need for hedging against the stochastic 
behaviour of the cash flows. 
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8.4 The Financial Market 


Since we have assumed that there are three risk sources on the financial market, 
the market completeness can be achieved only if there are also three (non perfectly 
correlated) risky assets. To this purpose we introduce the following risky assets. 


e A stock: whose price A; solves the stochastic differential equation 


dA; 
an padt +0o4d W4, +o4,r/7id Wrs, (8.4.1) 
t 
where all the parameters are constant. 
¢ A rolling ZCB with constant time to maturity (A). The price of such a bond can 
be written as (see Proposition 8.1) 


B(tt+h)=Ef|e e 


T or Be p C(s:t-+h,07,07.1)ds—C(0;h,0°,0%.1)r 


’ 


that can also be written in differential form as 


dB (t,t +h) 
B(t,t +h) 


=r;ıdt -C (0: h, aQ, o,, 1) o, /rdwe (8.4.2) 
=r,dt —C (0: h, al, o,, 1) or JF: (dW, + &dt) 
=(1-€ (0; h, 02 o, 1) ork) rdt 

= C (0; h, a2, op, 1) or Vid Wr. 


This result allows us to see that the diffusion term of the rolling bond does not 
depend on the financial horizon T. Thus, we can conclude that, in this framework, 


Vg, = -C (0: h, al, o, 1) Or JF. 


e A rolling zero-coupon longevity bond. This bond pays one monetary unit at a 
given horizon if a reference agent is still alive. For the sake of simplicity we use 
for this bond the same maturity as the previously defined rolling ZCB. Thus, its 
value can be written as 


+h +h. 
LGE = BQ [e i rdet gee] = Ret 


= Q [e po ane 20 [e pon call 


=B(t,t+h) ote Pag BE,C(sit+h,ap,on,1)ds—C(Osha?.on,1) dr 
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In differential form, we have 


dL (t,t+h) 


Torah = tadr—C (0; h, aR, ox, 1) a/r d WR, 


-C (0: h, al, oy, 1) o, yT dWÌ (8.4.3) 


=((1- € (0; h,a, or, 1) ork) ri 
+(1- C (0; h, a2, or, 1) oara) àr) dt 
=C (0: h, a, On, 1) on hid Wy. 
=C (0: h, aR, Or, 1) Ors/Trd Wrst, 


and the semi-elasticities of this longevity bond with respect to both the interest 
rate and the longevity are 


Vir =-C (0: h, a, Or, 1) Or JT, = VB,r> 


Via = —C (0: h, ae, On, 1) on hr. 


The relationship Vz, = Vp, is valid because we have assumed that the variables 
r; and A; are independent and, furthermore, that the two bonds have the same 
constant maturity h. This second hypothesis is not too strong in a complete 
market, since it is always possible to replicate any zero-coupon of any maturity. 


This financial market can be written in matrix form as 


dA, 
At 
dB i+ 
R = (r; + E] &) dt 
dL(t+h) 
Lith) 
OA OA rJTt 0 
+| 0 -C(O:ha?, or, 1) ovr 0 
0 =C (0: h,a, or, 1) or —C (0; h, 02, ox, 1) on Vir 
a 
dWat 
x dW,.t ’ 
dW) 
dW, 


where, of course & = [Ea Kral he avi |". 
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For computing the optimal portfolio we need to invert the (transposed) diffusion 
matrix 


L 0 0 
T 
oh, _ 1 1 
= = C(0:h,a,",07,1)or04 C (0:n, or, 1 or C (0:n, on, 1 )onv/Tr > 
0 0 - l 


C(0:h,akon, I)on vAr 


and compute the following products: 


EA 
OA 
AEA _ Kr + Ky 
E lE, = C(0:h,a,".0,,1) 0-04 C(0:h,a1?.0,,1)9, C(0:h.02,0,,1)o, r 


Kh 


C(0:h,ar2,0,1)o, 


Oc, A 
0 0 Ct oA 
i eG E (“zea _ se) 
E Q= C(0:h,02.03,1) C(0;h,0¢°,0%.1) C(0;h,0%°,%.1) OrOA Or 
ee: eee 0 0 


C(0:h,a2,0,,1) 


In the product £, lé, everything is constant, while in the product £X, 1O, the only 
variable which depends on time is c;. 


8.5 The Data 


In this section we collect all the data needed for calibrating the stochastic processes 
shown in the previous sections. In collecting these data we have two aims: (1) 
dealing with a sufficiently long time series, and (2) avoiding the problems linked 
to the 2007/2008 financial crisis. To these purposes, we chose the following time 
interval 


01/01/1970 — 01/01/2007, 


in fact, we recall that the first problem on the interbank market raised on 9/8/2007 
because of the default of some funds owned by the French investment bank BNP- 
Paribas. 

Since we have assumed that there is no correlation between the force of mortality 
A; and all the other stochastic variables, then for the stochastic process of A; we keep 
the values already calibrated in Sect. 5.7 on the US population. 
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For what concerns the other variables, we refer to the following data sets. 

e The riskless interest rate r; is calibrated on the 3-month Treasury Bill whose 
returns are gathered by FRED in the series code “DTB3”. 

getSymbols("DTB3", src = "FRED", return.class = "zoo" 


## [1] "DTB3" 


r na.omit (DTB3) /100 
r = window(r, start = "1970-01-01", end = "2007-01-01") 


° The return on the ZCB B (t,t + h) is obtained, for h = 10, from the returns on 
10-year Treasury Bill that are gathered by FRED in the series code "DGS10". 


getSymbols("DGS10", src = "FRED", return.class = "zoo") 
## [1] "DGS10" 


ri0Y = na.omit(DGS10)/100 
r10Y = window(r10Y, start = "1970-01-01", end = "2007-08-09") 


If we want to compare on a graph the return on the 10 year bond and the riskless 
interest rate, we can give the commands in Fig. 8.1. From this figure we immediately 
see that the recessions usually coincide with a difference between the long and short 
term interest rate that is close to zero or even negative. 


e The risky asset A; is assumed to be the S&P500 index on the US financial 
market. In this case we can define the starting and ending date directly into the 
“getSymbols” command since yahoo accepts these parameters. 


getSymbols("“GSPC", src = "yahoo", return.class = "Zoo", 
from = "1970-01-01", to = "2007-01-01") 


## [1] "°GSPC" 


A = na.omit (GSPC$GSPC. Adjusted) 


In Fig. 8.2, we can see the behaviour of both the stock index and its daily returns. 
From this figure we can appreciate that the average return is stable over time, 
while the variance changes a lot among different periods. For instance, the variance 
increases during both the accumulation and the burst of the dot-com bubble. 

For drawing the figure we use the following commands: (1) “par (new=T)” 
that creates a new graph in the same framework, (2) “xaxt='n’” and 
“xaxt='n’” that prevent the “plot” command from drawing the x and y axis, 
(3) “axis (side=4)” that creates an axes on position “4” (we recall that position 


182 8 A Workable Framework 


— 10Y return 
3m T-Bill return 


0.05 
ll 
= 


T T 
1970 1980 1990 2000 


plot(merge(r10Y, r), screens = 1, xlab = "", ylab = "", 
col = c("black", "gray"), lty = 1) 
grid() 


legend("topright", legend = c("10Y return", "3m T-Bill return"), 
col = c("black", "gray"), lty = 1, bty = "n") 


Fig. 8.1 Comparison between the time series of the return on 10 year US bonds and 3 month 
T-Bill 


“1” is the bottom axes, “2” is the left axes, “3” is the upper axes, and “4” is the right 
axes). 


e We have assumed that the contributions are proportional to the wages. 
Thus, we take the historical series of wages paid in US (the FRED code is 
“A576RC1A027NBEA’). We highlight that the data downloaded from FRED 
have an annual frequency and, accordingly, we will have to take that into account 
when computing the correlation between the wages and the other variables (that 
have daily frequency). 


getSymbols("A576RC1A027NBEA", src = "FRED", return.class = "zoo" 


## [1] "A576RC1A027NBEA" 


na.omit (A576RC1A027NBEA) 
window(w, start = "1970-01-01", end = "2007-01-01") 


W 


W 


In Fig. 8.3 we show the log-return on the total amount of wages paid in US. It is 
clear that the average growth rate of wages has been quite higher till 1990 and then 


8.5 The Data 
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plot (diff (log(A)), type = "1", col = "gray", xlab = "", 
ylab = "") 

par (new = T) 

plot(A, xaxt = "n", yaxt = "n", ylab = "", xlab = "") 

axis(side = 4) 

grid() 

legend("bottomright", legend = c("S&P return (left)", 
"S&P level (right)"), lty = 1, col = c("gray", 
"black"), bty = "n") 


Fig. 8.2 Comparison between the daily level of the S&P500 and its daily return 
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it has reduced. We can check the significant difference between the average growth 


rate before and after 1990 through the following commands. 


mean (window(diff(log(w)), end = "1990-01-01")) 
## [1] 0.0801664 
mean (window (diff (log(w)), start = "1990-01-01")) 


## [1] 0.0503643 
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8.6 Calibration of the Riskless Interest Rate 


Given the process 
dri = Qr (Br == ri)dt + Ors/Td Wrst, 


the estimation of the parameters a,, 6,, and o, can be performed through the same 
procedure seen in the previous chapters. Since we have daily data we take dt = 


i MAy 


T 
1970 1980 1990 2000 


0.12 
| 


log-return 
0.06 0.08 
| 


0.04 
| 


0.02 
J 


plot (diff (log(w)), xlab = "", ylab = "log-return") 
grid() 


Fig. 8.3 Log-difference of annual wages in US (FRED: A576RC1A027NBEA) 
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dt = 1/250 

sigma_r = sd(diff(2 * sqrt(r)))/sqrt (dt) 
y = r[2:length(r)]70.5 

x1 = r[1:(length(r) - 1)]70.5 

x2 = r[1:(length(r) - 1)]7(-0.5) 

CIR = lm(y ~ x1 + x2 - 1) 


summary (CIR) 

HH 

## Call: 

## lm(formula = y ~ x1 + x2 - 1) 

## 

## Residuals: 

## Min 1Q Median 3Q Max 


## -0.0160398 -0.0006411 0.0000028 0.0006564 0.0171645 

## 

## Coefficients: 

HH Estimate Std. Error t value Pr(>|tl) 

## x1 9.998e-01 1.473e-04 6785.801 <2e-16 *** 

## x2 8.513e-06 7.437e-06 1.145 0.252 

## --- 

## Signif. codes: O '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 
## 

## Residual standard error: 0.00184 on 9234 degrees of freedom 
## Multiple R-squared: 0.9999,Adjusted R-squared: 0.9999 

## F-statistic: 8.13e+07 on 2 and 9234 DF, p-value: < 2.2e-16 


a_C = as.numeric(2 * (CIR$coefficients[1] - 1)/dt) 

b_C = as.numeric(2 * CIR$coefficients[2]/dt) + sigma_r72/4 
alpha_r = -a_C 

beta_r = b_C/abs(a_C) 

c(alpha_r, beta_r, sigma_r) 


## [1] 0.09934780 0.05136836 0.05819260 


8.7 Calibration of the ZCB 


Once the parameters of the 7; process have been obtained, we can switch to the 
rolling bond B (t,t + h). If we take into account a 10-year US Government bond 
(h = 10), we know that its expected return is 


E, É CLA) 


BEFA] (1 E c (0: h aSo; 1) ork) ridt 


_ k +a, — orkr + (k — Qr + 0;K;) e7" 


ae 
kta, + Opky + (Kk — Oy — ok) ee | 
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where k := ,/(a, + Or Kr) + 2a, In this equation: 


the expected return can be estimated on the market data over a sufficiently long 
time period 

the value r;, in equilibrium, can be replaced by its long term mean $, 

all the parameters but «, have already been estimated. Thus, x, is the only 
unknown of the equation and its value can be found numerically. 


Of course, the 10 year return is usually higher than the return on the T-Bill. A 
difference between these two returns which is close to zero or even negative, usually 
announces a period of crisis. Actually, before a crisis there has always been a zero 
or negative difference between these two returns, even if the contrary is not always 
true. 


c 


wow Y 


# 


8 


Now, for computing «x, we use the following steps. 


We use the command uniroot (function, interval) for finding the 
solution of an equation (Function) in one unknown, by trying values of the 
unknown in the defined interval. The solution is the value of the unknown 
that sets the value of the function to zero. 

The interval for computing the «, that solves the equation is negative since we 
know that the market price of interest rate risk must be lower than zero. In fact, 
the semi-elasticity of any bond with respect to the interest rate is negative (a 
positive shock on the interest rate implies a negative shock on the bond prices). 


ompute_k_r = function(k_r) { 
k = sqrt((alpha_r + sigma_r * k_r)72 + 2 * sigma_r72) 
h = 10 
(k + alpha_r - sigma_r * k_r + (k - alpha_r + sigma_r * 
k_r) * exp(-h * k))/(k + alpha_r + sigma_r * 
k_r + (k - alpha_r - sigma_r * k_r) * exp(-h * 
k)) * beta_r - mean(r10Y) 


-r = uniroot(compute_k_r, c(-2, 0))$root 
oF 


# [1] -1.018731 


.8 Calibration of the Risky Asset 


Given Eq. (8.4.1), the log-return on the asset prices is given by 


1 
din A, = (us =a (oi + a3,n)) dt + oadWas + oar /7:dW,.1, 
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whose first and second moments are 


1 
ir [d In Ay] = (us -3 (oå Ti o3,n)) dt, 


V: [dn Ar] = (03 + oå pre) dt. 


Then, the estimation of u4 can be obtained (via the method of moments) as 


2 [d In Ay] + 4V; [d In Ay] 
dt l 


HA 


dt = 1/250 

dlnA = diff(log(A)) 

mu_A = (mean(dlnA) + 0.5 * var(dlnA))/dt 
mu_A 


## [1] 0.08516942 
For estimating also the two components of the S&P 500 volatility (i.e. oa and 
o,,r) we must take into account the correlation between the stock index and the 


interest rate. Given (8.2.2) and (8.4.1), the instantaneous correlation between the 
two variables is 


C; [d In Az, dri] = 0,04 rridt. 


We can assume that, in equilibrium, the value of the interest rate coincides with 
its long term value £,. Accordingly, the values of the stock diffusion parameters can 
be found by solving the following system: 


HV: [din A;] = 04 + o$ „br, 
ŁC, [dln A;, dri] = 0,0 A,r br. 


This system has two solutions, for a positive and a negative value of o4, 
respectively. Here, we take only the positive solution: 


C; [d lIn A;, dri] 1 2 
= ———_, = ,/ —V; [d ln A;] — 3 
OA,r 6, Bpdt oA ai [d In Az] o4 Br 


The command for obtaining these parameters are as follows, where we use: 


e The function merge for merging two data sets. This function allows us to 
correctly take into account the corresponding dates on the two time series. Inside 
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this function we use the option “al1l=FALSE” so that only the data with the 
same dates are included in the final set. 

e The function na.omit for omitting the values NA. In fact, when the function 
merge is used, the data whose dates do not match are replenished by a NA. 


dr = diff(r) 

dinA_dr = merge(dlnA, dr, all = FALSE) 

sigma_Ar = (cov(dlnA_dr[, 1], dlnA_dr[, 2]))/(sigma_r * 
beta_r * dt) 

sigma_A = sqrt((var(dlnA))/dt - sigma_Ar72 * beta_r) 

c(sigma_Ar, sigma_A) 


## [1] -0.0757339 0.1555213 


We can see that the value of o4, is negative, which means that the interest 
rate is negatively correlated with the S&P 500 index. Nevertheless, this negative 
correlation plays a marginal role in defining the volatility of the index, since a, is 
much higher (in absolute value) than 04 ,./B;- 

Because of the Girsanov’s theorem, we know that, under the probability Q, the 
expected return on any asset must equate the riskless interest rate. Thus, for Ay, 
(8.4.1) can be written as 


dA 
T = padt +04 (awe, = éadt) Foar T (aws a «r /Tidt) 
t 


= (MA — 404 — KrOA,rri) dt + oadWẸ, + oar J rdw, 
which implies 
MA — AOA — Ky OA lt = Tr. 


Accordingly, since all the other parameters have already been estimated, we 
obtain 


£ MA — KrOA, rft — Tt 
A = ———.~ 


OA 


Again, we substitute the riskless interest rate with its equilibrium value 6, and 
we obtain an estimated market price of stock’s own risk. 


xi_A = (mu_A - k_r * sigma_Ar * beta_r - beta_r)/sigma_A 
xi_A 


## [1] 0.1918571 
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8.9 Calibration of the Contributions 


We now have to estimate the parameters of the contribution process 


dc 
—= Ucdt + Oc,r/Tid Wy. F Oc, Ad WA,t. 


Ct 


Again, in order to obtain the values of three parameters (Me, Oc,r, and Oc A), 
we need three conditions to match. In particular, we compute the first and second 
moment on d 1n c+, and we also check for the correlation between d Inc; and d In Az: 


ùr [d In ci] = (uc — } (02,71 + a? ,)) dt, 
Y; [dlnc;] = (02,7 (t) + ai) dt, 
C: [dln cz, dln Az] = Oc ACAdt. 


If we again substitute r; buy its long term equilibrium value £,, and we solve for 
the unknowns, we obtain 


E,[dIne,]+4V,[d Inc;] 
Khe = > 


’ 


dt 
— Cd Inc;,dIn A;] 
CA = — oad >? 


= 4+V;[d Inc,]—o2 4 
Oer | — p 
r 
The return ue can be directly obtained after computing the mean and the variance 
of the process dInc. This time we take dt = 1 since the data have an annual 
frequency. 


dt = 1 

dlnw = diff(log(w)) 

mu_c = as.numeric(mean(dlnw) + 0.5 * var(dlnw))/dt 
mu_c 


## [1] 0.06655217 


From this estimation we can check that the average growth rate of wages in USA 
is lower than the growth rate of the S&P 500. 

Now, the two series that we are working on (S&P 500 and wages) have a different 
frequency. Thus, in order to compute the covariance, we have to trace back both 
series to the same frequency. This result can be achieved in two equivalent ways 
by using the following R commands (both commands belong to the quantmod 
package): 


e yearlyReturn that can be applied to a time series of any frequency for 
obtaining a corresponding yearly series, where each element is the average of the 
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corresponding data. Since this command applies to time series, we must suitable 
transform its argument with the command “as .xts”. 

e apply .yearly that allows to apply a given function with an annual frequency 
(in our case the suitable function is mean). 


Once the frequency is the same, we can take subsets of the two series where the 
dates are the same in order to compute the covariance. 


# annual return on SP500 

dlnAY = apply.yearly(dlnA, mean) * 250 

# dlnAY=yearlyReturn(as.zts(A), type='log') 

sigma_cA = as.numeric(cov(dlnw, dlnAY)/(sigma_A * dt)) 

sigma_cr = as.numeric(sqrt((var(dlnw)/dt - sigma_cA72)/beta_r)) 
c(sigma_cA, sigma_cr) 


## [1] 0.007844577 0.106664952 


The last parameter we need is x}. This is the most difficult parameter to estimate 
since we would need a liquid market for actuarial assets (either death bonds, or 
longevity bonds, or any other similar asset). Many papers that deal with the problem 
set the market price of actuarial risk to zero. If ką = 0, then the expected return 
on the actuarial asset coincides with the riskless rate under both the historical and 
the risk neutral probabilities. Nevertheless, this hypothesis does not seem to be 
reasonable since we instead expect any actuarial asset to have an average return 
higher than r (f). 

In our framework, the actuarial asset has the form of a ZCB and, accordingly, its 
value must react to the changes in A (t) in the same way the ordinary zero-coupon 
react to the changes in the interest rate. Thus, we expect the market price of actuarial 
risk to be negative and its magnitude should be similar to that of the market price of 
interest rate risk (x+). For this reason in this work we assume k, = «r. The values 
of the parameters are gathered in Table 8.1. 


# market price of actuarial risk 
ki = kr 


Table 8.1 Parameters in the basic scenario 


Mortality A; 
Stock A; Wage c; 


a, = 0.09935 | wa = 0.08517 He = 0.06655 a, = 0.1465 
By = 0.05137 | o4 = 0.1555 oc, = 0.007845 | d = 0.003409 


or = 0.05819 = | 04, = —0.07573 | c, = 0.1067 b = 11.72 
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The first function we study here is the expected value of the discounted factor, under 
both probabilities Q and Qg: 


iP [e fr a ; 

The value of such a function can be computed through the following R code, 
where the choice between the two probabilities can be performed via a string whose 
value is either “Q” or “Qb”. 


C = function(t, T, alpha, sigma, q) { 
k = sqrt(alpha^2 + 2 * sigma^2 * q) 
2 x q * (1 - exp(-(T - t) * k))/(k + alpha + (k - 
alpha) * exp(-(T - t) * k)) 
} 
int_C = function(t, T, alpha, sigma, q) { 
k = sqrt(alpha72 + 2 * sigma™2 * q) 
2/sigma™2 * log((k + alpha + (k - alpha) * exp(-k * 
(T - t)))/(2 * k)) + 2 * q * (T - t)/(k + alpha) 


} 
EQ_r = function(t, T, q, r, prob) { 
if (prob == "Q") { 
alpha = alpha_r + sigma_r * k_r 
beta = alpha_r * beta_r/(alpha_r + sigma_r * 
k_r) 
} 
if (prob == "Qd") { 
alpha = alpha_r + sigma_r * k_r * (1 - 1/delta) 
beta = alpha_r * beta_r/(alpha_r + sigma_r * 
k_r * (1 - 1/delta)) 
} 
exp(-alpha * beta * int_C(t, T, alpha, sigma_r, 
q) - C(t, T, alpha, sigma_r, q) * r) 
} 


If we take into account a risk aversion 6 = 2.5 (that is nevertheless useless for 
the value of the function under Q), the graphical behaviour of the expected value of 
the discount factor can be drawn as in Fig. 8.4, where we see that the function has 
value 1 when t = T and tends towards zero for higher and higher values of T. 
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l 


time 


delta = 2.6 

plot(seq(0, 100), lapply(seq(0, 100), EQ_r, q = 1, 
prob = "Q", t = 0, r = beta_r), type = "1", xlab = "time", 
ylab = "Discounted value") 

grid() 


Fig. 8.4 Value of the function zQ [e for id) for T € [0, 100], given the values of the parameters 


calibrated in the previous sections 


The second function that we write in this section is useful for computing the 
expected value of the discount factor where the discount rate is the force of 
mortality: 


T 
EP [u + var) en ir te), 
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EQ_1 = function(t, T, q, u, v, 1, prob, sex) { 
alpha = alpha_l[sex] 
phi = phi_1l[sex] 
m = m_l[sex] 


b = b_l[sex] 
sigma = sigma_l[sex] 
if (prob == "Q") { 


alpha1 = alpha + sigma * k_l 
beta = function(s) { 
alpha1 * (phi + (1/(alphal * b) + 1)/b * 
exp((age + s - m)/b))/(alphal + sigma * 


k_1) 
} 
} 
if (prob == "Qd") { 
alpha1 = alpha + sigma * k_l * (1 - 1/delta) 
beta = function(s) { 
alpha * (phi + (1/(alpha1 * b) + 1)/b * 
exp((age + s - m)/b))/(alpha1 + sigma * 
k_1 * (1 - 1/delta)) 
J 
} 


INT_A = function(s) { 
beta(s) * exp(-alphal * (s - t) - sigma^2 * 
int_C(t, s, alpha1, sigma, q)) 
} 
INT_B = function(s) { 
beta(s) * C(t, s, alphal, sigma, q) 
} 
(u + alpha1 * v * integrate(INT_A, t, T)$value + 
v * exp(-alphal * (T - t) - sigma^2 * int_C(t, 
T, alpha1, sigma, q)) * 1l1)/exp(alphaí1 * 
integrate(INT_B, t, T)$value + C(t, T, alpha1, 
sigma, q) * 1) 
} 
# Initial value of force of mortality for males and 
# females 
10 = (phi_l + (1/(alpha_l * b_1) + 1)/b_1 * exp((age + 
O - m_1)/b_1)) 


. : Q fo Aydu 
In Figs.8.5 and 8.6 the values of the functions Eğ |e /0 and 


T 
Ee [are Jo Sale| are drawn, respectively. The value of the first function coincides 


with the survival probability (under Q) from the initial age (set at 25) to the time 
25+ T. Such a probability is, of course, decreasing over time, starts with a value of 
1 and tends towards zero while the time horizon increases. Instead, the value of the 
second function is first increasing, when the growth of A; prevails on the reduction 
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age = 25 
plot(age + seq(0, 70), lapply(seq(0, 70), EQ_1, t = O, 
q=1,u=1,v=0, 1 = 10[1], prob = "Q", sex = 1), 
type = "1", xlab = "age", ylab = "Survival probability - Q") 
lines(age + seq(0, 70), lapply(seq(0, 70), EQ_1, t = 0, 
q=i1, u=i1, v = 0, 1 = 10[2], prob = "Q", sex = 2), 


lty = 2) 

legend("topright", c("males", "females"), lty = c(1, 
2), bty = "n" 

grid() 


Fig. 8.5 Value of the function Ee le" ae) (i.e. the survival probability under Q) for T € 


[0, 70] and an age of 25, given the values of the parameters calibrated in the previous sections 


of the discount factor, and then it is decreasing since the second effect prevails on 
the first one. 

Now, we write a function for computing the expected present value of contribu- 
tions: 


T 
he [ere J: an . 
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plot(age + seq(0, 70), lapply(seq(0, 70), EQ_1, t = 0, 
q 1, a= 0, ¥ T I 10[1], prob = "Q", sex = 
type = "1", xlab = "age", ylab = "") 

lines (age + seq(0, 70), lapply(seq(0, 70), EQ_1, t = 0, 
q=1, u=0, v=1, 1 = 10[2], prob = "Q", sex = 2), 


cl 


lty = 2) 

legend("topright", c("males", "females"), lty = c(1, 
2), bty = "n" 

grid() 


Fig. 8.6 Value of the function Ey [are Io cal for T € [0,70] and an age of 25, given the 


values of the parameters calibrated in the previous sections 


EQ_c_r = function(t, T, c, r) { 

alpha = alpha_r + sigma_r * k_r 

beta = alpha_r * beta_r/(alpha_r + sigma_r * k_r) 

c * exp((mu_c - sigma_cA * xi_A) * (T - t)) * exp(-alpha * 
beta * int_C(t, T, alpha - sigma_r * sigma_cr, 
sigma_r, 1 + k_r * sigma_cr)) * exp(-C(t, T, 
alpha - sigma_r * sigma_cr, sigma_r, 1 + k_r * 

sigma_cr) * r) 
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If we use the values calibrated on the US data in the previous subsections, we 
can obtain for T € [0, 100] the curve drawn in Fig. 8.7. 

The expected discounted value of a future contribution is increasing for the first 
years while the growth of the discount factor prevails over the increment in the 
contribution, and then it is decreasing afterwards. 

The numerical integration of the function H (t) creates some problems if the 
infinity is suitably taken into account. Nevertheless, we can take a “sufficiently” 
long financial horizon and the value of the function H (t) always converges. 

The value of the function H (t) can be coded as follows, where we use the user 
defined functions presented above. 


1.0 


0.4 


0 20 40 60 80 100 


time 


plot(seq(0O, 100), lapply(seq(0, 100), EQ_c_r, t = 0, 
c = 1, r = beta_r), type = "1", xlab = "time", 
ylab = yt) 

grid() 


Fig. 8.7 Value of the function zQ [ere I nae) for T e [0,70] given the values of the 


parameters calibrated in the previous sections 
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matplot (age + seq(0, 100), cbind(lapply(seq(0, 100), 
H, r = beta_r, 1 = 10[1], sex = 1), lapply(seq(0, 
100), H, r = beta_r, 1 = 10[2], sex = 2)), type = "1", 
xlab = "age", ylab = "Function H", lty = c(1, 2), 


col = 1) 

grid() 

legend("topright", c("males", "females"), lty = c(1, 
2); bty = "n" 


Fig. 8.8 Behaviour of the “auxiliary” function H (t) by changing f and starting from the age of 
25, with the value of the parameters calibrated in the previous section 


H = function(t, r, l, sex) { 
INT = function(s) { 
func = function(s) { 
EQ_1(t = t, T=s, q=1, u=1, v=0, 
l = 1, prob = "Q", sex = sex) * EQ_r(t = t, 
T=s, q=1, r =r, prob = "Q") 


} 
sapply(s, func) 
} 
integrate(INT, t, 200)$value 
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The behaviour of the function H (t) with respect to time t, given an initial age of 
25 and the values of the parameters as in Table 8.1, can be shown as in Fig. 8.8. 

The function F (t) can be computed through a code akin to that just presented 
for the function H (t). Here, we define the subjective discount rate (o) equal to the 
equilibrium value of the interest rate (8,-). 


rho = beta_r 
F = function(t, r, 1, sex) { 
INT = function(s) { 
func = function(s) { 
q-l = 1+ 0.5 * (delta - 1)/delta™2 * k_172 
q-r = 1 - 1/delta + 0.5 * (delta - 1)/delta7™2 * 
kor’? 
EQ_1(t = t, T=s, q=q_1, u=0, v=1, 
1 = 1, prob = "Qd", sex = sex) * EQ_r(t = t, 
T=s, q=q_r, r = 17, prob = "Qd") * 
exp(-(rho/delta + 0.5 * (delta - 1)/delta72 * 
xi_A*72) * (s - t)) 
} 
sapply(s, func) 
} 
integrate(INT, t, 200)$value 


The function F (t) is drawn in Fig. 8.9 where we see that its value is a bit lower 
than that of the function H (t). 


Now, we are ready to write the code for computing the equilibrium pension p* 
that makes A, = 0. Such a value is given by 


T pQ f r,du Q -fÈ Aydu 
* Jo “to [ese E to e `" ds 


To i le Jo ail in [to od ds 


and the code is as follows. 
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matplot (age + seq(0, 100), cbind(lapply(seq(0, 100), 
F, r = beta_r, 1 = 10[1], sex = 1), lapply(seq(O, 
100), F, r = beta_r, 1 = 10[2], sex = 2)), type = "1", 
xlab = "age", ylab = "Function F", lty = c(1, 2), 
col = 1) 

grid() 

legend("topleft", c("males", "females"), lty = c(1, 
2), bty = "n" 


Fig. 8.9 Behaviour of the “auxiliary” function F (t) by changing t and starting from the age of 
25, with the value of the parameters calibrated in the previous section 


200 8 A Workable Framework 


pension = function(T, rO, 10, c0, sex) { 
INT_Num = function(s) { 
func = function(s) { 
EQ_c_r(t = 0, s, c = c0, r = r0) * EQ_1(t = 0, 
s, q ai i y 0, 1 10, prob = "Q", 
sex = sex) 


} 

sapply(s, func) 
} 
INT_Den = function(s) { 

func = function(s) { 

EQ r(t = 0, s, q= 1, r = r0, prob = "Q") * 
EQ_1(t = 0, s; q 1, u 1, v=0, 
1 = 10, prob = "Q", sex = sex) 


} 
sapply(s, func) 
} 
integrate(INT_Num, 0, T)$value/integrate(INT_Den, 
T, 200)$value 
} 
p = c(NA, NA) 


p[1] = pension(T = 65 - age, rO = beta_r, 10 = 10[1], 
cO = 1, sex = 1) 
p[2] = pension(T = 65 - age, rO = beta_r, 10 = 10[2], 


c0 = 1, sex = 2) 
P 


## [1] 187.6411 102.4462 


We see that the pension for females is much lower than that for males. This is 
due to the longest lifetime for females. In fact, if a pension level must be guaranteed 
for a longer period of time, the pension level itself cannot be too high. Once p* is 
known, we are able to compute the value of the PMR. 
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PMR = function(t, T, c, r, l, sex) { 
INT_A = function(s) { 
func = function(s) { 
EQ_c_r(t, s, c, r) * EQ_1(t, s, q = 1L, 
u= 1, v = 0, 1, prob = "Q", sex) 
} 
sapply(s, func) 
} 
INT_D = function(s) { 
func = function(s) { 
EQ_r(t, s, q=1 


» prob = "Q") * EQ_1(t, 


sE 
s,q=i1, u=1, v= 0, 1, prob = "Q", 


sex) 
} 
sapply(s, func) 
} 


plsex] * integrate(INT_D, max(t, T), 200)$value - 


integrate(INT_A, min(t, T), T)$value 


201 


Finally, we can draw the PMR as in Fig. 8.10 where we see that the “triangular” 
behaviour already shown in the previous chapters is confirmed. The PMR starting 
value is zero (because it has been built in order to satisfy such a condition), then it 


is increasing until the retirement age (65) and, finally, it is decreasing. 


Remark 8.4 In Fig.8.10 we have assumed that the value of the force of 
mortality à; does not change over time and is always equal to the initial value. 
This is done just for the sake of simplicity. Instead, a full path of A; should be 
simulated and increasing values of the force of mortality should be used an 
input in the PMR function. Thus, the reduction in the value of PMR after the 


retirement age would be much stronger. 


8.11 The Derivatives of the Auxiliary Functions 


The last components we need in order to compute the optimal portfolio are the 
derivatives of the functions H;, F;, and A; with respect to the state variables r;, Àr, 


and c;. In particular, we have 


oH; oF; 
IAr JA 
Le Ve OF | ah UAE 
Zr a , Oz apo” 0 Oz 
ocr a 
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plot(age + seq(0, 75), lapply(seq(0, 75), PMR, c = 1, 
r = beta_r, 1 = 10[1], sex = 1, T = 65 - age), 
type = "1", xlab = "age", ylab = "PMR") 

lines(age + seq(0, 75), lapply(seq(0, 75), PMR, c = 1, 
r = beta_r, 1 = 10[2], sex = 2, T = 65 - age), 
type = "1", lty = 2) 


grid() 
legend("topleft", c("males", "females"), lty = c(1, 
2); bty = "n" 


Fig. 8.10 Behaviour of the PMR under the risk neutral probability by changing ¢ and starting from 
the age of 25, with the value of the parameters calibrated in the previous section. The retirement 
age is set to 65 (i.e. 65-25 years after the initial time) 


The derivative of the PMR A; computed with respect to the contribution c; takes 
an easy form already computed in (8.3.3) as follows 


Ar | -Af he [ese nee | a [e deat ds, t<T 


dc 0. t>T 


and it can be computed in R by using the functions that have already been created 
for the previous computations. 
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dDelta_dc = function(t, T, r, l, c, sex) { 
INT = function(s) { 
func = function(s) { 
EQ_c_r(t, s, c, T) * EQ_1(t, s, q=1, 
u=1, v =0, 1, prob = "Q", sex) 


} 
sapply(s, func) 
} 
-integrate(INT, t, T)$value/c * as.numeric(t < 


T) 


If this derivative is drawn with respect to time, by taking the “initial” interest 
rate, contribution, and force of mortality constant, then we obtain the result shown 
in Fig. 8.11. 

The behaviour of this derivative, which appears both in the stock and in the bond 
weights, means that there is a deep need for hedging against the stochastic changes 
in contributions c; at the beginning of the management period. Instead, while time 
goes on, this need becomes less and less important. Finally, at the retirement age, 
there is no more need to hedge, since there are no more contributions left. Instead, 
the pensions start being paid and they are assumed to be constant. 

For computing the other derivatives it is sufficient to differentiate the result 
obtained in Proposition 8.1, from which we obtain 


ð . 
= Ut [a +vxr)e™! i a 
Xt 


yen Se (@+(o7-+aBs)C(s))ds—C@)x, 


—C(t)E; [ +vxr)e 1 fr a] : 


In the case of the interest rate, the result simplifies to 


J [e ahr w] =-C HE [e af; cal , 


ar, 


Accordingly, we can use again the same function previously defined for comput- 


ing the expected value E, [e af aar where we just multiply by —C (t) the final 


computation. 
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matplot(age + seq(0, 75), cbind(lapply(seq(0, 75), 
dDelta_dc, c = 1, r = beta_r, 1 = 10[1], sex = 1, 
T = 65 - age), lapply(seq(0, 75), dDelta_dc, c = 
r = beta_r, 1 = 10[2], sex = 2, T = 65 - age)), 
type = "1", xlab = "age", ylab = "Derivative of PMR w.r.t. c" 
lty = c(1, 2), col = 1) 


1, 


grid() 
legend("bottomright", c("males", "females"), lty = c(1, 
2), bty = Wy" 


Fig. 8.11 Behaviour of the derivative of the PMR with respect to the contribution c;, by changing 
t and starting from the age of 25, with the value of the parameters calibrated in the previous section. 
The retirement age is set to 65 (i.e. 65-25 years after the initial time) 


dEQ_r_dr = function(q, prob, t, T, r) { 
if (prob == "Q") { 
alpha = alpha_r + sigma_r * k_r 
beta = alpha_r * beta_r/(alpha_r + sigma_r * 
k_r) 
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if (prob == "Qd") { 
alpha = alpha_r + sigma_r * k_r * (1 - 1/delta) 
beta = alpha_r * beta_r/(alpha_r + sigma_r * 

k_r * (1 - 1/delta)) 

} 

-C(t, T, alpha, sigma_r, q) * exp(-alpha * beta * 
int_C(t, T, alpha, sigma_r, q) - C(t, T, alpha, 
sigma_r, q) * r) 


If we take the case with the risk neutral probability Q and g = 1, then we can 
draw the derivative of a ZCB B (0, T — t) with respect to the interest rate ro and for 
many different time to maturities as in Fig. 8.12. 

When computing the derivative with respect to the value of à+, we can use the 
function that was already written for computing the value of the expected value in 
Proposition 8.1. 


Derivative of B(0,T-t) w.rt. r 


T T T T T 
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Time to maturity 


plot(20 - seq(0, 20), dEQ_r_dr(q = 1, prob = "Q", t = seq(0, 
20), T = 20, r = beta_r), type = "1", xlab = "Time to maturity", 
ylab = "Derivative of B(O,T-t) w.r.t. r") 

grid() 


Fig. 8.12 Derivative of the ZCB B (0, T — t) computed with respect to ro for some time to 
maturities. In the figure we assume that T = 20 and so ¢ € [0, 20] 
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dEQ_1_d1 = function(q, u, v, prob, t, T, 1, sex) { 
alpha_l = alpha_l[sex] 
sigma_l = sigma_1[sex] 
phi = phi_l[sex] 


b = b_l[sex] 
m = m_l[sex] 
if (prob == "Q") { 


alpha = alpha_l + sigma_l * k_l 
beta = function(s) { 
alpha_l * (phi + (1/(alpha_l * b) + 1)/b * 
exp((age + s - m)/b))/(alpha_l + sigma_l * 


k_1) 
} 
} 
if (prob == "Qd") { 
alpha = alpha_l + sigma_l * k_1 * (1 - 1/delta) 
beta = function(s) { 
alpha_l * (phi + (1/(alpha_1 * b) + 1)/b * 
exp((age + s - m)/b))/(alpha_l + sigma_l * 
k_l * (1 - 1/delta)) 
} 
} 


INT_A = function(s) { 
alpha + (sigma_1^2 + alpha * beta(s)) * C(t, 
s, alpha, sigma_l, q) 
} 
v * exp(-integrate(INT_A, t, T)$value - C(t, T, 
alpha, sigma_l, q) * 1) - C(t, T, alpha, sigma_l, 
q) * EQ_1(t, T, q, u, v, l, prob, sex) 


Finally, the derivative of the expected discounted contributions with respect to 
the interest rate is given by: 


ð 


ar; 


T T 
pÊ [ere Í na = -C (t: T; al = 0;0¢,r, Or, 1 + kroer) 12 [ere Si nate : 


alpha = alpha_r + sigma_r * k_r 

beta = alpha_r * beta_r/(alpha_r + sigma_r * k_r) 

c * exp((mu_c - sigma_cA * xi_A) * (T - t)) * exp(-alpha * 
beta * int_C(t, T, alpha - sigma_r * sigma_cr, 
sigma_r, 1 + k_r * sigma_cr)) * exp(-C(t, T, 
alpha - sigma_r * sigma_cr, sigma_r, 1 + k_r * 


dEQ_c_r_dr = function(t, T, c, r) { 


sigma_cr) * r) * (-C(t, T, alpha - sigma_r * 
sigma_cr, sigma_r, 1 + k_r * sigma_cr)) 


8.11 The Derivatives of the Auxiliary Functions 207 


All these components can now be put together in order to compute the derivatives 
of the function H (t), F (t), and AÊ (t) with respect to the state variables. In fact, 
in the codes used for computing these functions it will be sufficient to substitute the 
original expected values, with their derivatives as coded in the previous boxes. 


dH_dr = function(t, r, 1, sex) { 
INT = function(s) { 
func = function(s) { 
EQ_1(t, s, q=i, u=0, v=1, 1, prob = "Q", 
sex) * dEQ_r_dr(q = 1, prob = "Q", 
t, S, T) 


} 
sapply(s, func) 
} 
integrate(INT, t, 200)$value 
} 
dH_dl = function(t, r, 1, sex) { 
INT = function(s) { 
func = function(s) { 


dEQ_1_dl(q = 1, u=0, v 1, prob = "Q", 
t, s, 1, sex) * EQ_r(t, s, q=1, r, 
prob = "Q") 
} 
sapply(s, func) 
} 
integrate(INT, t, 200)$value 
} 
dF_dr = function(t, r, l, sex) { 
q-l = 1+ 0.5 * (delta - 1)/delta*2 * k_172 
q-r = 1 - 1/delta + 0.5 * (delta - 1)/delta72 * 


k_r72 
INT = function(s) { 
func = function(s) { 
EQ_1(t, s, q=q_1l, u=0, v=1, 1, prob = "Qa"; 

sex) * dEQ_r_dr(q = q_r, prob = "Qd", 
t, s, r) * exp(-(rho/delta + 0.5 * 
(delta - 1)/delta72 * xi_A72) * (s - 
t)) 

} 

sapply(s, func) 
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} 
integrate(INT, t, 200)$value 
} 
dF_dl = function(t, r, 1, sex) { 
q-l = 1+ 0.5 * (delta - 1)/delta*2 * k_172 
q-r = 1 - 1/delta + 0.5 * (delta - 1)/delta72 * 
k_r72 
INT = function(s) { 
func = function(s) { 
dEQ_1_dl(q = q_1, u = 0, v = 1, prob = "Qa", 
t, s, l, sex) * EQ_r(t, s, q = q_r, 
r, prob = "Qd") * exp(-(rho/delta + 
0.5 * (delta - 1)/delta^2 * xi_A72) * 
(s - t)) 
} 
sapply(s, func) 
} 
integrate(INT, t, 200)$value 
} 


dDelta_dr = function(t, T, c, r, l, sex) { 
INT_A = function(s) { 
func = function(s) { 
dEQ_c_r_dr(t, s, c, r) * EQ_1(t, s, q= 1, 


u= 1, v = 0, 1, "0", sex) 


} 
sapply(s, func) 
} 
INT_D = function(s) { 
func = function(s) { 
dEQ_r_dr(q = 1, "Q", t; s, Y) * EQ_1(t, 
SiG ls. u 1, v=0, 1, "Q", sex) 


} 
sapply(s, func) 
} 
p[sex] * integrate(INT_D, max(t, T), 200)$value - 
integrate(INT_A, min(t, T), T)$value 
} 
dDelta_dl = function(t, T, c, r, l, sex) { 
INT_A = function(s) { 
func = function(s) { 
EQ_c_r(t, s, c, r) * dEQ_1_dl(q = 1, u = 1, 
v= 0, "Q", t-s; 1, sex) 
} 
sapply(s, func) 
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INT_D = function(s) { 
func = function(s) { 
EQ_-r(t, s, q= 1, r, "Q") * dEQ_1_dl(q = 1, 
u= i; v= 0, "Q", t, 8, 1, sex) 
} 
sapply(s, func) 
} 
p[sex] * integrate(INT_D, max(t, T), 200)$value - 
integrate(INT_A, min(t, T), T)$value 


We finally have all the components necessary to compute the optimal portfolio 
as presented in the next section. 


8.12 The Simulations 


The 


first step for computing the optimal portfolio is to define the values of the 


preference parameters in the utility function. In particular, we set: 


e the initial value of all the variables: stock, bond, longevity asset, wage, interest 
rate, force of mortality, wealth; in particular we set: 


Ro = 100, which is just an arbitrary value; 

ro = pr: the initial interest rate is assumed to be at its long term equilibrium 
value; 

Ao = Pr. (t = 25): the force of mortality is assumed to start from its 
equilibrium value (for both males and females) when the agents are aged 25; 
Ao = B (0, h) = L (0, h) = co = 1, where we recall that h = 10; 

to = 25: this is the age of the agent at the beginning of the management period; 
T = 65 — to: the age of retirement; 


e the preference parameters œ, ô, and p; in particular we set: 


a = Ro: we assume that the investor wants to guarantee, at the end of the 
management period, a wealth which is at least equal the starting value; 

ô = 2.5: this is a standard value for the Arrow—Pratt risk aversion; 

p = r: we assume that the agent discount the future at the long term 
equilibrium value of the interest rate (Table 8.2). 
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Table 8.2 Parameters of the investor’s preferences in the basic scenario 


Initial values Subjective values 

Ro = 100 a=0 

ro = 0.0513683572758613 6=2.5 

Ao = 0.00463909139909301 (males) p = 0.0513683572758613 
ào = 0.00357553703354542 (females) to =0 

Ao = B (0, 10) = L (0, 10) = co = 1 T =40 


# Initial values 

RO = 100 

rO = beta_r 

AO = BO = LO = c0 = 1 
h = 10 

age = 25 

T = 65 - age 

alpha = 0 

delta = 2.5 

rho = beta_r 


In this framework, the optimal portfolio is given by 
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The simulations are based on the following procedure: 


e the initials values of the state variables have already 


been set 


e the optimal portfolio is computed by using the previous values 
e the optimal wealth is computed by using the previously obtained optimal 


portfolio 
e the new values of the state variables are simulated 
e the process goes back to the second line 
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Fig. 8.13 Array for the simulations of stochastic variables that either depend (on the left) or do 
not depend (on the right) on the sex of the agents 


We simulate N paths of the variables at each iteration and we computed two 
portfolios and state variables at each passage, one per sex (males and females). 
This means that most of the variables will be gathered in an array which has: (1) as 
may rows as simulated periods, (2) as many columns are simulated paths, and (3) as 
many “slices” are simulated sex. This scheme can be represented as in Fig. 8.13. 
Since the code that we are about to write is quite complex and slow, it will take 
many minutes to conclude the simulations. This is the reason why we use a limited 
number of simulations N = 100 and quarterly (instead of daily) data (dt = 1/4). 


# Simluations setting 

N = 100 #number of paths 

horizon = 60 #number of periods (years) 
dt = 1/4 #subperiods (quarters) 


Finally, we can write the code corresponding to the presented approach as 
follows. 
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# Setting of Wiener processes 
dW_A = dW_r = dW_1l = array(rnorm(horizon/dt * N, mean = 0, 
sd = sqrt(dt)), dim = c(horizon/dt, N)) 
# Setting of initial state variables 
R = array(NA, dim = c(horizon/dt, N, 2)) 
R[1, , ] = RO 
1 = array(NA, dim = c(horizon/dt, N, 2)) 
Iit, , 1] = 10(1] 
1[1, , 2] = 10[2] 
r = array(NA, dim = c(horizon/dt, N)) 
r[i, ] = rọ 
co = array(NA, dim = c(horizon/dt, N)) 
co[i, ] = c0 
wA = wB = wL 
2)) 
RN = DN = HN 
2)) 
C_r = C(O, h, alpha_r + k_r * sigma_r, sigma_r, 1) 
C_l = C(O, h, alpha_l + k_l * sigma_l, sigma_l, 1) 
# Cycle of simulations 
for (i in 1:(horizon/dt - 1)) { 
t=i* dt #transform the counter (days) in years 
for (sex in 1:2) { 
HN[i, , sex] = mapply(H, t, rli, J], 1fi, , 
sex], sex) 
DN[i, , sex] = mapply(PMR, t, T, coli, J, rfi, 


array(NA, dim = c(horizon/dt - 1, N, 


c(horizon/dt - 1, N, 


array(NA, dim 


], 1fi, , sex], sex) 
RN[i, , sex] = R[i, , sex] - alpha * HN[i, 
, sex] - DN[i, , sex] 


wA[i, , sex] = RN[i, , sex] * xi_A/(delta * 
sigma_A) + coli, ] * sigma_cA/sigma_A * 
mapply(dDelta_dc, t, T, r[i, J], 1[i, , 
sex], coli, ], sex) 
wL[i, , sex] = -RN[i, , sex]/C_l[sex] * (k_1/(delta * 
sigma_l[sex]) + mapply(dF_dl, t, r[i, ], 
l[i, , sex], sex)/mapply(F, t, rli, ], 
l[i, , sex], sex)) - (alpha * mapply(dH_dl, 
t, rfi, ], 1fi, , sex], sex) + mapply(dDelta_dl, 
t, T, coli, J], rfi, ], 1li, , sex], sex))/C_1[sex] 
wB[i, , sex] = RN[i, , sex]/C_r * ((sigma_Ar * 
xi_A/sigma_r/sigma_A - k_r/sigma_r)/delta - 
mapply(dF_dr, t, r[i, ], l[i, , sex], sex)/mapply(F, 
t, rfi, ], 1[i, , sex], sex)) - (alpha * 
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mapply(dH_dr, t, rli, J], l[i, , sex], sex) + 
mapply(dDelta_dr, t, T, coli, ], rli, ], 

l[i, , sex], sex) - coli, ] * (sigma_Ar * 
sigma_cA/sigma_r/sigma_A - sigma_cr/sigma_r) * 
mapply(dDelta_dc, t, T, rfi, J, 1fi, , 

sex], coli, ], sex))/C_r - wL[i, , 
sex] 

l[i + 1, , sex] = l[i, , sex] + alpha_l[sex] * 
(phi_l[sex] + (1/alpha_1[sex]/b_l[sex] + 

1)/b_l[sex] * exp((age + t - m_l[sex])/b_l[sex]) - 

l[i, , sex]) * dt + sigma_l[sex] * 
sqrt(1l[i, , sex]) * dW_1l[i, ] 

rli +1, ] = r[i, ] + alpha_r * (beta_r - rli, 
]) * dt + sigma_r * sqrt(r[i, ]) * dW_r[i, 


] 

coli + 1, ] = coli, ] + coli, ] * (mu_c * dt + 
sigma_cr * sqrt(r[i, ]) * dW_r[i, ] + sigma_cA * 
daW_A[i, ]) 

R[i + 1, , sex] = R[i, , sex] + (R[i, , sex] * 
r[i, ] + wAli, , sex] * (mu_A - rf[i, ]) + 
wB[i, , sex] * (-C_r * sigma_r * k_r * 

r[i, ]) + wL[i, , sex] * (-C_r * sigma_r * 

k_r * r[i, ] + (1 - C_llsex] * sigma_l[sex] * 
k_l) * 1[i, , sex]) - (plsex] * as.numeric(t >= 


T) - coli, ] * as.numeric(t < T))) * dt + 
wA[i, , sex] * sigma_A * dW_A[i, ] + (wA[i, 
, sex] * sigma_Ar * sqrt(r[i, ]) + wB[i, 
, sex] * (-C_r * sigma_r * sqrt(rli, ])) + 
wL[i, , sex] * (-C_r * sigma_r * sqrt(r[i, 
]))) * dWrfi, ] + wL[i, , sex] * (-C_l[sex] * 
sigma_l[sex] * sqrt(1[i, , sex])) * dW_1[i, 
] 


} 
print (i) 


We stress that the last command “print (i)” is just used for showing on the 
screen how the process is proceeding. 


Remark 8.5 The simulation of the state variables 7, Cr, and 4; can be 
performed outside the for cycle for the portfolio. Actually, the for cycle 
that we have written in the previous code can be split into two codes: 
one for simulating the stochastic state variables, and one for simulating the 
portfolio. Of course these two cycles must use the very same simulated Wiener 
processes. 


214 8 A Workable Framework 


At first we check the behaviour of the state variables. In Figs. 8.14, 8.15, and 8.16 
we show the results of the simulated force of mortality À; (for both males and 
females), interest rate r;, and contribution c;, respectively. In each figure we create 
a matrix containing the worst case (0 quantile), the median (50% quantile) , and the 
best case (100% quantile of 100 simulations. 


time = seq(age, age + horizon - 2 * dt, dt) 

1_Q = cbind(t(apply(1[1:(horizon/dt - 1), , 1], 1, 
quantile, probs = c(0, 0.5, 1))), t(apply(1[1: (horizon/dt - 
1), , 2], 1, quantile, probs = c(0, 0.5, 1)))) 

r_Q = cbind(t(apply(r[1: (horizon/dt - 1), ], 1, quantile, 
probs = c(0, 0.5, 1))), t(apply(r[1:(horizon/dt - 
1), ], 1, quantile, probs = c(0, 0.5, 1)))) 

co_Q = cbind(t(apply(co[1:(horizon/dt - 1), J, 1, quantile, 
probs = c(0, 0.5, 1))), t(apply(co[1:(horizon/dt - 
1), J, 1, quantile, probs = c(0, 0.5, 1)))) 


In Fig. 8.14 we can clearly check that females live longer on average and with a 
shorter variation of the extreme cases. 

Figure 8.15 shows the mean reverting property of the interest rate, which is 
always positive. Finally, in Fig. 8.16 we see the exponential growth of contributions. 

Another variable of interest for the optimal portfolio is the PMR, whose value 
for both males and females is shown in Fig. 8.17. 


DN_Q = cbind(t(apply(DN[, , 1], 1, quantile, probs = c(Ọ, 
0.5, 1))), t(apply(DN[, , 2], 1, quantile, probs = c(0, 
0:5, 1)))) 


We see that the PMR is increasing up the its maximum value at retirement, 
and then it start decreasing, as the theory indicates. The behaviour of PMR for 
males and females is definitely different. In particular, males are able to collect 
more contributions for their pensions, because they will receive those pensions for a 
shorter period of time on average (since they will live shorter). In other words, males 
discount future cash flows at a higher rate (r; + àr) than females and, accordingly, 
their future pensions have a lower weight. 

Finally, we can check the behaviour of the optimal wealth. Since this wealth is 
exponentially growing, we take into account the log-return. The code for computing 
the log-returns for both males and females is as follows. 


dlnR = array(NA, dim = c(dim(R)[1] - 1, dim(R) [2], 
2)) 

dink[, , 1] = apply(log(R[, , 1]), 2, diff) 

dinR[, , 2] apply(log(R[, , 2]), 2, diff) 
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Then, we can compute the median and the best and worst cases for these returns. 


dinR_Q = cbind(t(apply(dlnR[, , 1], 1, quantile, probs = c(0, 
0.5, 1))), t(apply(dinR[, , 2], 1, quantile, probs = c(Ọ, 
0.5, 1)))) 

time2 = head(time, -1) 


The behaviour over time of the log-returns on wealth is shown in Fig. 8.18, where 
we see that the difference between sexes is negligible. Furthermore, the return on the 
optimal wealth is stable before retirement, while it starts increasing after retirement. 
This result is definitely due to the hedging strategy. In fact, before retirement, the 
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matplot(time, 1_Q, type = "1", lty = 1, col = c(NA, 

"blue", NA, NA, "red", NA), xlab = "age", ylab = "mortality intensity") 
polygon (c(time, rev(time)), c(1_Q[, 3], rev(1_Q[, 1])), 

col = rgb(0, 0, 1, alpha = 0.2), border = NA) 
polygon(c(time, rev(time)), c(1_Q[, 6], rev(1_Q[, 4])), 

col = rgb(1, 0, 0, alpha = 0.2), border = NA) 


grid() 
legend("topleft", legend = c("males median", "males quantiles [0,1]", 
"females median", "females quantiles [0,1]"), lty = 1, 


col = c("blue", rgb(0, 0, 1, alpha = 0.2), "red", 
rgb(1, 0, 0, alpha = 0.2)), bty = "n", lwd = c(1, 
10, 1, 10)) 


Fig. 8.14 Result of 100 simulations of the force of mortality 4, (for both males and females) with 
the values of parameter gathered in Table 8.1 
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matplot(time, r_Q, type = "1", lty = 
"black", NA), xlab = "age", ylab 

grid() 

polygon(c(time, rev(time)), c(r_Q[, 3], rev(r_Q[, 1])), 
col = rgb(0, 0, 0, alpha = 0.2), border = NA) 

legend("topleft", legend = c("median", "quantiles [0,1]"), 
lty = 1, col = c("black", rgb(0, 0, 0, alpha = 0.2)), 
bty = "n", lwd = c(1, 10)) 


1, col = c(NA, 
= "interest rate") 


Fig. 8.15 Result of 100 simulations of the interest rate r; with the values of parameter gathered in 
Table 8.1 


need for hedging is higher and, accordingly, the fund must be renounce to a part of 
its return. 


8.13 The Optimal Portfolio 


Now, we can check the shape over time of the optimal portfolio allocation for both 
males and females. We start from the sum of all the risky assets as a percentage of 
wealth R;: 


R; . 
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matplot (time, co_Q, type = "1", lty = 1, col = c(NA, 
"black", NA), xlab = "age", ylab = "contribution") 
grid() 
polygon(c(time, rev(time)), c(co_Q[, 3], rev(co_Q[, 
1])), col = rgb(0, 0, O, alpha = 0.2), border = NA) 
legend("topleft", legend = c("median", "quantiles [0,1]"), 
lty = 1, col = c("black", rgb(0, 0, 0, alpha = 0.2)), 
bty = "n", lwd = c(1, 10)) 


Fig. 8.16 Result of 100 simulations of the contribution c; with the values of parameter gathered 
in Table 8.1 


This ratio helps us in understanding whether the whole portfolio is more or 
less risky over time. This percentage is shown, for both males and females, in 
Fig. 8.19, where we show three quantiles: 0% for presenting the so-called “worst 
case” scenario, 50% for showing the median, and 100% for presenting the best case 
scenario. These quantiles are obtained with the following commands. 


wAwLWBR_Q = cbind(t(apply((wA[, , 1] + wL[, , 1] + 
wB[, , 1])/R[, , 1], 1, quantile, probs = c(0, 
0.5, 1))), tCapply(@wAL, , 2] + wL[, , 2] + wBL[, 
, 2])/RL, , 2], 1, quantile, probs = c(0, 0.5, 
1)))) 


As a percentage of R;, we see that the behaviour of risky asset share is almost 
the same for males and females and, in particular, the share reduces over time till 
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matplot(time, DN_Q, type = "1", lty = 1, col = c(NA, 

"blue", NA, NA, "red", NA), xlab = "age", ylab = "PMR") 
polygon(c(time, rev(time)), c(DN_Q[, 3], rev(DN_Q[, 

1])), col = rgb(O, 0, 1, alpha = 0.2), border = NA) 
polygon(c(time, rev(time)), c(DN_Q[, 6], rev(DN_Q[, 

4])), col = rgb(1, 0, 0, alpha = 0.2), border = NA) 


grid() 
legend("topleft", legend = c("males median", "males quantiles [0,1]", 
"females median", "females quantiles [0,1]"), lty = 1, 


col = c("blue", rgb(0, 0, 1, alpha = 0.2), "red", 
rgb(1, 0, 0, alpha = 0.2)), bty = "n", lwd = c(1, 
10, 1, 10)) 
abline(v = T + age, lty = 2) 


Fig. 8.17 Result of 100 simulations of the PMR A, for both males and females with the values of 
parameter gathered in Table 8.1 (the vertical lines coincides with retirement) 


the retirement age. After this time, the shape increases and then after some years it 
reaches a kind “equilibrium” value. 

We stress that this behaviour is clearly in contrast with what is usually argued by 
the financial advisers who suggest to invest lower and lower percentages of wealth 
while the agent becomes older and older. Actually, this seems to be true only till 
retirement, when, instead, the percentage of risky asset increases again. 

This particular behaviour is due to the risk faced by the agents. At the beginning 
of the accumulation phase, the agent still has to receive all his/her future wages 
and, thus, the risk is relatively low. Nevertheless, while the time goes on, the agent 
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matplot(time2, dlļlnR_Q, type = "1", lty = 1, col = c(NA, 

"blue", NA, NA, "red", NA), xlab = "age", ylab = "log-returns") 
polygon(c(time2, rev(time2)), c(dlnR_Q[, 3], rev(dlnR_Q[, 

1])), col = rgb(O, 0, 1, alpha = 0.2), border = NA) 
polygon(c(time2, rev(time2)), c(dlnR_Q[, 6], rev(dlnR_Q[, 

4])), col = rgb(1, 0, 0, alpha = 0.2), border = NA) 
abline(v = age + T, lty = 2) 


grid() 
legend("topleft", legend = c("males median", "males quantiles [0,1]", 
"females median", "females quantiles [0,1]"), lty = 1, 


col = c("blue", rgb(0, 0, 1, alpha = 0.2), "red", 
rgb(1, 0, 0, alpha = 0.2)), bty = "a", lwd = c(1, 
10, 1, 10), ncol = 2) 


Fig. 8.18 Median and extreme scenarios of the optimal fund’s wealth log-returns over time (100 
simulations) for both males and females 


has less and less future wages, while the pensions that must be financed remain the 
same. This means that the risk represented by the future pensions is less and less 
hedged by the wages and, accordingly, the amount of stock in the portfolio must be 
reduced. 

We check that this behaviour is different if we compute the share of the optimal 
risky assets as a percentage of the corrected wealth as defined in (7.9.1): 


R, 


’ 
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matplot(time, wAwLwBR_Q, type = "1", lty = 1, col = c(NA, 
"blue", NA, NA, "red", NA), xlab = "age", ylab = "(wA+wL+wB)/R") 
polygon(c(time, rev(time)), c(wAwLwBR_Q[, 3], rev(wAwLwBR_Q[, 
1])), col = rgb(0, O, 1, alpha = 0.2), border = NA) 
polygon(c(time, rev(time)), c(wAwLwBR_Q[, 6], rev(wAwLwBR_Q[, 
4])), col = rgb(1, 0, 0, alpha = 0.2), border = NA) 
abline(v = age + T, lty = 2) 
gridQ 
legend("bottomleft", legend = c("males median", "males quantiles [0,1]", 
"females median", "females quantiles [0,1]"), lty = 1, 
col = c("blue", rgb(0, 0, 1, alpha = 0.2), "red", 
rgb(1, 0, O, alpha = 0.2)), bty = "n", lwd = c(1, 
10; 2, 10)) 


Fig. 8.19 Median and extreme scenarios of the risky assets share in the optimal portfolio over 
wt „Ar+w* B(t,t+h)+w* L(t,t+h) 
E S for both males 


time (100 simulations) as a percentage of wealth 
and females 


and the shape is shown in Fig. 8.20. Again, we show here the commands for 
computing the quantiles. 


wAwLwBRN_Q = cbind(t(apply((wA[, , 1] + wL[, , 1] + 
wBL, , 1])/RN[, , 1], 1, quantile, probs = c(0, 
0.5, 1))), tCapply(@wAL, , 2] + wL[, , 2] + wBL, 
, 2])/RN[, , 2], 1, quantile, probs = c(0, 0.5, 
1)))) 
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This time the changes over time are less strong and the portfolio is more stable 
during the accumulation phase. Instead, while the retirement approaches, the total 
risky asset over the corrected wealth decreases over time, and continue decreasing. 

Now, we can disentangle the three asset classes and show their particular shape. 
Figures 8.21 and 8.22, show the behaviour of the stock share for both males and 
females with respect to the wealth R, and the corrected wealth R,, respectively. 
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matplot (time, wAwLWBRN_Q, type = "1", lty = 1, col = c(NA, 

"blue", NA, NA, "red", NA), xlab = "age", ylab = "(wA+wL+wB)/RN") 
polygon(c(time, rev(time)), c(wAwLwBRN_Q[, 3], rev(wAwLwBRN_Q[, 

1])), col = rgb(O, 0, 1, alpha = 0.2), border = NA) 
polygon(c(time, rev(time)), c(wAwLwBRN_Q[, 6], rev(wAwLwBRN_QL[, 

4])), col = rgb(1, 0, 0, alpha = 0.2), border = NA) 
abline(v = age + T, lty = 2) 


grid() 
legend("topright", legend = c("males median", "males quantiles [0,1]", 
"females median", "females quantiles [0,1]"), lty = 1, 


col = c("blue", rgb(0, 0, 1, alpha = 0.2), "red", 
rgb(1, 0, 0, alpha = 0.2)), bty = "n", lwd = c(1, 
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Fig. 8.20 Median and extreme scenarios of the risky assets share in the optimal portfolio over 
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males and females 


222 8 A Workable Framework 


— males median — females median 
males quantiles [0:1] females quantiles [0,1] 
wo 
2-4 
eo v4 
z oO 
= 
9 
2 4 
N J 
2 T T T T T T 
30 40 50 60 70 80 
age 


matplot (time, wAR_Q, type = "1", lty = 1, col = c(NA, 

"blue", NA, NA, "red", NA), xlab = "age", ylab = "wA/R") 
polygon(c(time, rev(time)), c(wAR_Q[, 3], rev(wAR_Q[, 

1])), col = rgb(O, 0, 1, alpha = 0.2), border = NA) 
polygon(c(time, rev(time)), c(wAR_Q[, 6], rev(wAR_Q[, 

4])), col = rgb(1, 0, 0, alpha = 0.2), border = NA) 
abline(v = age + T, lty = 2) 


grid() 
legend("topright", legend = c("males median", "males quantiles [0,1]", 
"females median", "females quantiles [0,1]"), lty = 1, 


col = c("blue", rgb(0, 0, 1, alpha = 0.2), "red", 
rgb(1, 0, 0, alpha = 0.2)), bty = "n", lwd = c(1, 
10, 1, 10), ncol = 2) 


Fig. 8.21 Median and extreme scenarios of the stock share in the optimal portfolio over time (100 
simulations) as a percentage of wealth Hayt for both males and females 


wAR_Q = cbind(t(apply(wA[, , 1]/R[, , 1], 1, quantile, 
probs = c(0, 0.5, 1))), t(apply(@wAL, , 2]/R[, , 
2], 1, quantile, probs = c(0, 0.5, 1)))) 

wARN_Q = cbind(t(apply(wA[, , 1]/RN[, , 1], 1, quantile, 
probs = c(0, 0.5, 1))), t(apply(wAL, , 2]/RN[, 
, 2], 1, quantile, probs = c(0, 0.5, 1)))) 


The shape of this percentage with respect to R; is akin to what we have already 
seen for the whole portfolio, nevertheless, an important difference is that after the 
retirement the stock share reverts to an equilibrium and constant value. This share 
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matplot (time, wARN_Q, type = "1", lty = 1, col = c(NA, 

"blue", NA, NA, "red", NA), xlab = "age", ylab = "wA/R_hat") 
polygon(c(time, rev(time)), c(wARN_Q[, 3], rev(wARN_Q[, 

1])), col = rgb(0, O, 1, alpha = 0.2), border = NA) 
polygon(c(time, rev(time)), c(wARN_Q[, 6], rev(wARN_Q[, 

4])), col = rgb(1, 0, 0, alpha = 0.2), border = NA) 
abline(v = age + T, lty = 2) 


grid() 
legend("bottomright", legend = c("males median", "males quantiles [0,1]", 
"females median", "females quantiles [0,1]"), lty = 1, 


col = c("blue", rgb(0, 0, 1, alpha = 0.2), "red", 
rgb(1, 0, 0, alpha = 0.2)), bty = "n", lwd = c(1, 
10. 1, 20). 


Fig. 8.22 Median and extreme scenarios of the stock share in the optimal portfolio over time (100 


simulations) as a percentage of modified wealth Dart for both males and females 
t 


becomes constant because after retirement there is no more need to hedge against 
the wage risk (while the interest rate and the mortality risks are managed via the 
other two asset classes). 
The share of stock with respect to the corrected wealth R t is more stable over time 
(the field of variation is very small) and, again, becomes constant after retirement. 
The behaviour of the investment in bonds wh, ¿B (t, t + h) is presented just with 


respect to wealth R;, because its shape with respect to the modified wealth R, is 
very similar. 
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matplot(time, wBR_Q, type = "1", lty = 1, col = c(NA, 

"blue", NA, NA, "red", NA), xlab = "age", ylab = "wB/R") 
polygon (c(time, rev(time)), c(wBR_Q[, 3], rev(wBR_Q[, 

1])), col = rgb(0, 0, 1, alpha = 0.2), border = NA) 
polygon(c(time, rev(time)), c(wBR_Q[, 6], rev(wBR_Q[, 

4])), col = rgb(1, 0, 0, alpha = 0.2), border = NA) 
abline(v = age + T, h = 0, lty = 2) 


grid() 
legend("topright", legend = c("males median", "males quantiles [0,1]", 
"females median", "females quantiles [0,1]"), lty = 1, 


col = c("blue", rgb(0, 0, 1, alpha = 0.2), "red", 
rgb(1, 0, 0, alpha = 0.2)), bty = "n", lwd = c(1, 
10, 1; 10)) 


Fig. 8.23 Median and extreme scenarios of the bond share in the optimal portfolio over time (100 
wy ,B(t,t+h) 
Ry 


simulations) as a percentage of wealth for both males and females 


wBR_Q = cbind(t(apply(wB[, , 1]/R[, , 1], 1, quantile, 
probs = c(O, 0.5, 1))), t(apply(wBL, , 2]/R[, , 
2], 1, quantile, probs = c(0, 0.5, 1)))) 


From Fig. 8.23, we can highlight some interesting points: 


¢ Before retirement, females must optimally buy a higher percentage of bonds. 
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e The optimal share of bonds for males is very stable over time (the shaded are 
between the best and worst cases is very small), while the initial share for females 
is very volatile. 

¢ Before retirement, both males and females must have long positions on bonds. 

¢ Few years before retirement, the bond share becomes negative. 

e At retirement the optimal bond shares for males and females are the same. 


Finally, we can check the optimal shape of the investment in the longevity asset 
wy Lb (t,t +h) as a percentage of wealth R, (again, the shape with respect to the 


modified wealth R; is definitely similar). 


wLR_Q = cbind(t(apply(wL[, , 1]/R[, , 1], 1, quantile, 
probs = c(0, 0.5, 1))), t(apply(wL[, , 2]/R[, , 
2], 1, quantile, probs = c(0, 0.5, 1)))) 


From Fig. 8.24 we can highlight some interesting features: 


e The initial share of longevity assets for both males and females are negative. 

e The optimal share of longevity assets becomes positive few years before 
retirement. 

e At retirement the optimal share is the same for males and females. 

e The initial volatility of the females’ optimal strategy is very high, while males 
have a very stable strategy over time. 


An important conclusion is that there is for sure room for a market of longevity 
assets between generations. In particular, it is apparent that young people (both 
males and females) optimally want to sell longevity assets, while they are interested 
in a long position when older. An insurance company or any other institutional 
investor that would be willing to issue longevity assets, could then find both demand 
and supply by matching agents belonging to different cohorts. 
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matplot (time, wLR_Q, type = "1", lty = 1, col = c(NA, 

"blue", NA, NA, "red", NA), xlab = "age", ylab = "wL/R") 
polygon(c(time, rev(time)), c(wLR_Q[, 3], rev(wLR_Q[, 

1])), col = rgb(0, 0, 1, alpha = 0.2), border = NA) 
polygon(c(time, rev(time)), c(wLR_Q[, 6], rev(wLR_QL, 

4])), col = rgb(1, 0, O, alpha = 0.2), border = NA) 
abline(v = age + T, h = 0, lty = 2) 


grid() 
legend("bottomright", legend = c("males median", "males quantiles [0,1]", 
"females median", "females quantiles [0,1]"), lty = 1, 
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Fig. 8.24 Median and extreme scenarios of the longevity asset share in the optimal portfolio over 
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Chapter 9 A 
A Pure Accumulation Fund Geek for 


9.1 Introduction 


In this final chapter we compute the optimal portfolio for another institutional 
investor which deals with neither the mortality nor the longevity risk. Instead, this 
fund just manages the contributions of a worker and provides him/her with an 
amount of money at the end of the management period. We assume that the same 
amount of money is due independently of the agent’s survival or, in other words, the 
heirs have the right to receive the whole amount due to the original subscriber. 


9.2 The Optimisation Problem 


If we call T the moment when the management period ends, then the objective 
function for the fund can be written as a modified version of (7.7.1) as follows: 


Rr — 1—ô pT 
max En Caa (9.2.1) 
Rr 1—ô 


The absence of mortality and longevity risk transforms the inter-temporal 
problem, as written in (7.7.2), in a final horizon problem. 

In a pure accumulation case, the fund receives again the contribution until time T, 
but pays only one amount of money at time T. Thus, the prospective mathematical 
reserve at any time t is 


T 

a T $ 

Ay i= zQ | pie Ji rudu -f cre s wal, 
t 
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Table 9.1 Summary of the objective function and constraints of two institutional investors: a 
pension fund which deals with mortality/longevity risk, and an accumulation fund which does not 


Pension fund 


naili a E 
Objective function [erae Jo per] 
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foe ag [ar Re To rae + An 
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Budget constraint 


PMR 


Accumulation fund 


Objective function 
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Budget constraint 
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If we set pł constant, then its value is given by 
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to sS 
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In this approach we have substituted the stochastic horizon t with a deterministic 
horizon T and, in what follows, we will check the implications of this change for 
the optimal portfolio. 

In Table 9.1 we summarise the two optimisation problems for a pension fund and 
for a “pure” accumulation fund. 


9.3 The Optimal Portfolio 


As we have already shown for the case of the pension fund, we write the Lagrangian 
function of Problem (9.2.1) as 


(gr Rr = a) =F pudu 
1—64 
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in which / is the Lagrangian multiplier and whose FOC is 


ƏL 3 
IRT =E» | gr (qr Rr — a) “e 
T 
i are t a =0. 


After switching from the probability Q to the probability P through the martin- 
gale m,r (defined in (4.9.2)), we can compute the FOC with respect to each period 
and each state of the world as 


a a 


l 
a 


_s — [I bud =E rd 
(qrRr —a)e MA lmy,re Jy Tutt o, 
from which the optimal wealth is 

1 
=j -3 

Ri = — + l eh 

= > Mto, T 
x qT q 9 e Jo pudu 


After rewriting the budget constraint at any time f and substituting for the optimal 
wealth, we get 


1 
= ô 1 T (8—1 1 

R* = ake [e I nae + ai ar Mot pA mite (rtrt ipu )du +A; 
= ak; DA x 
: otto Pu—Tudu LT 


This formula is definitely analogue to that use for the pension fund. The only 
difference can be found in defining the auxiliary functions H; and F; that, instead 
of having a stochastic horizon t, have a deterministic horizon T. Thus, in line with 
Equations (7.8.2) and (7.14.3), these two functions are defined as 


A; = zQ [e fe ee 9 


Tipe = 
F, = Qs E I (Stn t tu t ao) aoa f 


t 


Here, we do not use a different notation for the auxiliary functions H, and F; 
because this form is actually a particular form of the original Equations (7.8.2) and 
(7.14.3), in which t has been substituted with T. 


230 9 A Pure Accumulation Fund 


Now, since the optimal wealth can be written as 


1 =} 
Myt 


R +À, 
e? tn Pu—Tudu 


Ri =aH, + 


once it is differentiated with respect to the stochastic variables my), and z;, we 
obtain the same functional form for the optimal portfolio that has already shown in 
(7.8.6) for a pension fund: 


Isi* = ——_—__—— 7, (9.3.1) 


hedging portfolio 


9.4 A Workable Framework 


We now take into account the same framework that we have already presented for 
the case of a pension fund. Nevertheless, here the only state variables are the interest 
rate and the contributions as already described in (8.2.2) and (8.2.3), respectively. 
Furthermore, we do not need any longer the longevity asset, and so we restrict our 
analysis to the case of a market formed by a riskless asset, a stock as in (8.4.1), and 
a bond as in (8.4.2). 

In this particular case the two main matrix products useful for computing the 
optimal portfolio are 


Ea 
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and the optimal portfolio itself is 


R; — aH; — A „A Â 
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which coincides with the optimal portfolio already computed in the previous 
chapter, where w7 , = 0. 

In this particular case we can see that the function H; coincides with the function 
“EQ r” that we have already written for the pension fund case. Accordingly, also 
the derivative ah coincides with the already defined function “dEQ_ r_ dr”. 


t 
The semi-elasticity of F; with respect to the interest rate r; is 


i) 1 “t 
F, or, P| (1-4 454 402) ff e] ar; 
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Finally, we just have to define the value of the new PMR and its derivatives. The 
value of the reserve at any time f is 


A T T. $ 
Â, = pš zQ [e I i -f zQ [exe J: ae ds, 
t 


thus, again, we have already coded all the necessary values. The fair value of p} 
can be computed as follows. 


p2 = integrate(EQ_c_r, 0, T, t = 0 


5 = c0, r = r0)$value/EQ_r(t = 0, 
T=T, q=1, r = r0, prob = "Q" 


p2 


## [1] 719.9645 
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While the new value of the PMR is coded in the following commands. 


PMR2 = function(t, T, c, r) { 
p2 * EQ_r(t, T, q= 1, r, prob = "Q") - integrate(EQ_c_r, 
t, T, t=t, c=c, r = r)$value 


Its derivatives are 


aA 17 4 
Ta = -— | zQ [ese Si a ds, 
Ct Ct Jt 


and 


jä: 9 efe y a ra 0 [ese J a 
see R 
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I, P ort ort 


that can be computed in R by using the functions that have already been created for 
the previous computations. 


dDelta2_dc = function(t, T, r, c) { 
-integrate (EQ_c_r, t, T, t =t, c =c, r = r)$value/c 
} 
dDelta2_dr = function(t, T, c, r) { 
p2 * dEQ_r_dr(q = 1, "Q", t, T, r) - integrate(dEQ_c_r_dr, 
t, T, c= c, r = r)$value 


9.5 The Optimal Portfolio: Numerical Results 


The simulations that we need for computing the optimal portfolio in this case 
are based on the very same figures that we have already shown for the case of 
the pension fund. The main difference is that now the horizon for the simulation 
coincides with the retirement date T. In the present case we do not need any more 
to define a three dimension array since the “sex dimension” is not relevant any more 
(in fact sex only affects the morality/longevity risk). 
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N = 100 
horizon = T 
dt = 1/4 


dW_A = dW_r = array(rnorm(horizon/dt * N, mean = 0, 
sd = sqrt(dt)), dim = c(horizon/dt, N)) 
R = array(NA, dim = c(horizon/dt, N)) 


R[1, ] = RO 
r = array(NA, dim = c(horizon/dt, N)) 
rli, ] = r0 
co = array(NA, dim = c(horizon/dt, N)) 
co[i, ] = cO 


wA = wB = array(NA, dim = c(horizon/dt - 1, N)) 

RN = array(NA, dim = c(horizon/dt - 1, N)) 

C_r = C(O, h, alpha_r + k_r * sigma_r, sigma_r, 1) 

for (i in 1:(horizon/dt - 1)) { 
t=i* dt 
RN[i, ] = R[i, ] - alpha * EQ_r(t, T, q= 1, r = rli, 

], prob = "Q") - mapply(PMR2, t, T, coli, ], 

rli, J) 

wA[i, ] = RN[i, ] * xi_A/(delta * sigma_A) + coli, 

] * sigma_cA/sigma_A * mapply(dDelta2_dc, t, 

T; coli, 1, ris. ]) 

wB[i, ] = RN[i, ]/C_r * ((sigma_Ar * xi_A/sigma_r/sigma_A - 
k_r/sigma_r)/delta + C(t, T, alpha_r + k_r * 
sigma_r * (delta - 1)/delta, sigma_r, 1 - 1/delta + 
0.5 * (delta - 1)/delta*2 * k_r7~2)) - (alpha * 
dEQ_r_dr(q = 1, prob = "Q", t; T, rli, J) + 
mapply(dDelta2_dr, t, T, coli, ], rli, J) - 
coli, ] * (sigma_Ar * sigma_cA/sigma_r/sigma_A - 

sigma_cr/sigma_r) * mapply(dDelta2_dc, 
ts T, coli, J, rbi, J))/Cr 

r[i +1, ] = r[i, ] + alpha_r * (beta_r - r[i, 

]) * dt + sigma_r * sqrt(r[i, ]) * dW_r[i, 


] 

co[i + 1, ] = coli, ] + co[i, ] * (mu_c * dt + 
sigma_cr * sqrt(r[i, ]) * dW_r[i, ] + sigma_cA * 
dW_ALi, ]) 


R[i + 1, ] = Ri, ] + (RE, J * r[i, ] + wali, 
] * (mu_A - r[i, ]) + wB[i, ] * (-C_r * sigma_r * 
k_r * r[i, ]) + coli, ]) * dt + wA[i, ] * sigma_A * 
dW_A[i, ] + (wALi, ] * sigma_Ar * sqrt(r[i, 
J]J) + wB[i, ] * (-C_r * sigma_r * sqrt(r[i, 
]))) * dW_rfi, J 

print (i) 
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After simulating the portfolio, we can draw the optimal asset allocation. In order 
to do so we define the “t ime” variable and the quantiles for the optimal asset share 
both in terms of both wealth R, and modified wealth R;. 

We stress that in this case the time is measured in “years” and not in “age”, since 
in this framework the optimal portfolio does not depend any longer on the age of 
the worker/pensioner. In fact, A; was the only state variable depending on the age 
(through the equilibrium value f) +). 


time = seq(0, horizon - 2 * dt, dt) 

wAR_Q = t(apply(wA/head(R, -1), 1, quantile, probs = c(O, 
O25, 2))) 

wARN_Q = t(apply(wA/RN, 1, quantile, probs = c(0, 0.5, 
1))) 

wBR_Q = t(apply(wB/head(R, -1), 1, quantile, probs = c(0, 
0:5; 1))) 

wBRN_Q = t(apply(wB/RN, 1, quantile, probs = c(0, 0.5, 
1))) 


Figures 9.1 and 9.2 present the dynamics of the optimal stock share as a 
percentage of wealth R; and modified wealth R;, respectively. We highlight some 
results. 


e The stock share in percentage of wealth R, is slightly decreasing over time with 
a quantile range that is very wide at the beginning of the management period and 
shrinks over time. The median of the optimal stock share is very stable. 

e The stock share as a percentage of the modified wealth R; is slightly increasing. 
Its median is very stable, and varies over a small range. Again, the range of the 
quantiles is wider at the beginning of the management period and narrower at the 
end. 

e The optimal share of stocks in both cases is similar. 

e With respect to the case of a pension fund, we see that, here, the stock share is 
more stable. This means that the presence of the mortality/longevity risk does 
affect the stock share, even if the stock w% , is not directly affected by the 
derivatives of H;, F;, and A; with respect to A;. Actually, the stock share depends 
on the values of these functions, and these values are largely affected by the force 
of mortality. 


Figures 9.3 and 9.4 present the dynamics of the optimal bond share as a 
percentage of wealth R; and modified wealth R;, respectively. We highlight some 
results. 


e The optimal bond share, in terms of both wealth measures, never becomes 
negative. 

e The bond share is decreasing over time with a range of quantiles that is wider in 
the beginning and narrower in the end of the management period. 
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matplot(time, wAR_Q, type = "1", lty = 1, col = c(NA, 
1, NA), xlab = "years", ylab = "wA/R") 
polygon(c(time, rev(time)), c(wAR_Q[, 3], rev(wAR_QL, 
1])), col = rgb(0, 0, 0, alpha = 0.2), border = NA) 
grid() 
legend("topright", legend = c("median", "quantiles [0,1]"), 
lty = 1, col = c(1, rgb(0, 0, 0, alpha = 0.2)), 
bty = "n", lwd = c(1, 10)) 


Fig. 9.1 Median and extreme scenarios of the stock share in the optimal portfolio over time (100 
‘ 4 wt A 
simulations) as a percentage of wealth + i 


e The bond share as a percentage of R;, at the beginning of the period, may reach 
very high values, but with a low probability. In fact we see that the median is very 
close to the lowest quantile. 

e We can compare this result with the optimal bond share for a pension fund. The 
dynamics is decreasing over time for both cases, but we see that, here, the bond 
share is mach smaller and never becomes negative. This behaviour is due to the 
result which shows that the optimal amount of longevity asset wž , is taken from 
the amount invested in the bond as in (8.12.2). 
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Fig. 9.4 Median and extreme scenarios of the bond share in the optimal portfolio over time (100 
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Conclusions 


In this work we have approached the wealth management problem of a pension fund 
which aims at maximising the (utility of) wealth remaining at the death time of a 
representative agent. 

We have shown how to model a risky framework that takes into account a set 
of stochastic variables that describe the risks faced by a pension fund, i.e. both 
financial and actuarial risks. We have presented how to model and calibrate (on US 
data) the main stochastic variables involved in the analysis: (1) the instantaneously 
risk-less interest rate, (2) the force of mortality for both males and females, which 
is stochastic in order to take into account not only the mortality risk, but also the 
longevity risk, and (3) the wages of workers. 

In the final chapters we show how to compute the optimal portfolio in a closed- 
form by using the so-called martingale approach in a complete market, and we 
apply the empirical framework developed in the previous chapters for computing 
the numerical values of the optimal portfolio shares of stocks, bonds, and longevity 
assets. 

The main result is that the longevity assets play a crucial role in the fund’s opti- 
mal portfolio with a significantly different magnitude for males (smaller percentage 
of wealth in absolute value) and females. Both sexes go strongly short on longevity 
asset at the beginning of their working life, while they start going long when they 
are close to the retirement age. The optimal share for both sexes is the same at 
retirement and becomes strongly positive after that time. This result suggests that 
there is room for creating a market of longevity assets between agents of different 
ages: young agents would be on the supply side of the market, while old agents 
would be on the demand side. 

Finally, we compare the optimal asset shares for a pension fund with the same 
optimal strategy for a pure accumulation fund that does not deal with the longevity 
risk. We are able to see that this last risk actually plays a very relevant role in 
affecting the optimal strategy for a pension fund and deeply affect the amount of 
money that must be invested in the bond asset class. 
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